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Abstract. We show that, under a condition called minimality, if the Stokes matrix of 
a connection with a pole of order two and no ramification gives rise, when added to 
its adjoint, to a positive semi-definite Hermitian form, then the associated integrable 
twistor structure (or TERP structure, or non-commutative Hodge structure) is pure 
and polarized. 
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Introduction 

It is relatively easy to produce examples of variations of polarized Hodge structures 
on the complement A 1 \ C of a finite set C in the complex affine line A 1 . The simplest 
ones consist of variations of type (0,0), that is, flat holomorphic bundles on A 1 \ C 
with a flat Hermitian metric, together with a flat real (resp. rational, resp. integral) 
structure, depending on whether the Hodge structures are real (resp. rational, 
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resp. integral). Equivalently, such variations are in one-to-one correspondence 
with M.- (resp. resp. Z-) local systems on A 1 \ C whose monodromy representation 
takes values in the unitary group (up to conjugation). Other classical variations 
arise whenever one is given a projective morphism / : X — > A 1 on a smooth complex 
quasi-projective variety X and C is the set of critical values of /, as Gauss-Manin 
systems of /. 

Recently, a generalization of the notion of variation of polarized Hodge structures 
has been considered under the names of variation of integrable polarized twistor struc- 
ture (generalizing complex variations of polarized Hodge structures, cf. |27j . [24]), 
variations of pure polarized TERP structures (generalizing real variations of polar- 
ized Hodge structures, cf. [9l 1111 113] ) . and variations of non-commutative Hodge 
structures (generalizing rational variations of polarized Hodge structures, cf. |19| ); 
the case with a Z-structure has also been considered in |15j . 

The interest of such generalizations comes from the following observations. 

(1) While variations of polarized Hodge structures degenerate with regular singu- 
larities, the previous generalizations may degenerate with irregular singularities, and 
thus can extend the scope of the theory. In particular, Fourier-Laplace transformation 
can be extended to such objects (cf. [29L 131] ) and they form part of the larger family 
of wild twistor modules (cf. [25 and also 30 ). 

(2) Mirror symmetry produces such structures in quantum cohomology (cf. [3j \2\ 

(3) These structures are convenient to adapt the techniques of classical Hodge 
theory (in particular period mappings) to the local analytic settings attached to iso- 
lated singularities of complex hypersurfaces (classifying spaces of Brieskorn lattices, 

cf. m m ltqi us n m n). 

An integrable twistor structure consists of a germ of holomorphic bundle on a disc 
with coordinate z (say), equipped with 

• a meromorphic connection having a pole of order at most two at the origin and 
no other pole, 

• a nondegenerate bilinear pairing between the underlying local system on {z =/= 0} 
and the pull back by i : z i— >• — z of its conjugate local system which satisfies a skew- 
Hermitian property (we call such a pairing a L-skew-Hermitian pairing on the local 
system) . 

These data allow one to construct in a natural way (twistor gluing) a holomorphic 
vector bundle on P 1 . When this bundle is trivial, we say (cf. [32] ) that the twistor 
structure is pure of weight 0. The construction then equips the space of global sections 
of this bundle with a nondegenerate Hermitian pairing. If this pairing is positive 
definite, we say that the pure twistor structure is polarized. In the following, "pure 
and polarized" will usually mean "pure of weight 0" and polarized. 

The Riemann-Hilbert correspondence for meromorphic connections with slope one 
(as only positive slope) and no ramification (that we will call below of exponential 
type, like in [19] . cf. e.g. [311 Lemma 1.5] for the relation with regularity after Laplace 
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transformation), enriched with such a pairing, allows one to encode the data of the 
meromorphic bundle and the pairing in a block-upper triangular matrix E (the unipo- 
tent Stokes matrix multiplied by the "square root" of the formal monodromy) with 
invertible diagonal blocks and a set of exponential factors. It remains to choose, 
within the meromorphic bundle, a holomorphic bundle on which the connection has 
a pole of order at most two. If the connection is of exponential type, a canonical 
holomorphic bundle is provided by the Deligne-Malgrange lattice (with the choice 
(0, 1] for the real part of the eigenvalues of the residues, cf. fll.dj) . Therefore, such a 
matrix E also determines the Deligne-Malgrange lattice. 

Our main result ^Theorem 15. 9[) answers Conjecture 10.2 in if an arbitrary 

set of exponential factors is given and if E as above is such that E + 'E is positive 
semi-definite and satisfies a property called minimality (cf. Definition 12. 10[) . then the 
integrable twistor structure which they determine (with the Deligne-Malgrange lat- 
tice) is pure of weight and polarized. In fact, the statement that we give slightly 
relaxes this minimality property. Note that if E is real (resp. rational), the corre- 
sponding integrable twistor structure is then a pure polarized TERP structure in the 
sense of [9] (resp. a non-commutative Hodge structure in the sense of |19j ). 

The question of how to compute as explicitly as possible the 'new supersymmetric 
index' of Cecotti and Vafa [2] for such a polarized pure twistor structure remains open 
(cf. [9l I27L I31L I24j for the definition and some properties in the present setting) . 

The proof of Theorem 15.91 consists in showing that the integrable twistor struc- 
ture determined by E is nothing but the twistor structure associated to the Laplace 
transform of a regular holonomic module with a flat Hermitian form on its smooth 
part. We essentially identify the restriction of this Hermitian form to the fibre at 
some general point with the form defined by E + 'E. If it is positive definite, then the 
flat bundle has a Hermitian metric, and it follows from 29| that the twistor structure 
corresponding to the Fourier-Laplace transform is pure of weight and polarized. 

We use the algebraic/analytic version of the Laplace transformation, as it is simpler 
to prove the Fourier inversion formula in this setting. A topological version of the 
Laplace transformation (homological with Lefschetz thimbles or cohomological like in 
[19] andincluding the Stokes structure) also exists, but we did not find a complete 
reference for the corresponding Fourier inversion formula in this purely topological 
setting. 

1. Polarized pure twistor structure attached to a flat unitary bundle 

In this section, we will recall some of the results of |29j in the particular case of a 
variation of polarized pure Hodge structure of type (0, 0) (flat unitary bundle). The 
consequence of these results, given by Corollary 1 1.51 will be our main tool for proving 
Theorem EH 

l.a. Sesquilinear pairings on C[i](dt)-modules. Let A* be the complex affine 
line with coordinate t and let C = {c\, . . . ,c r } C A* be a finite set of points. We 
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denote by C[t](dt) the Weyl algebra of the variable t, by @pi the sheaf of holomor- 
phic differential operators on P 1 , and by ^pi(*oo) its localization at infinity, so that 
C[t](dt) = r(P 1 , ^pi(*oo)). Recall that the classical Riemann-Hilbert correspondence 
gives an equivalence between the following categories (HJ-©, and an extension of it to 
.^-modules together with a GAGA argument gives the equivalence with Q and ([5]): 

(1) Locally constant sheaves ~f of finite dimensional C- vector spaces on A' \ C 
(that we call local systems for short), 

(2) holomorphic flat bundles with connection (V, V) on Ar t \ C, 

(3) locally free 0-gi(*C U {oo})-modules ^ with regular singular connection, 

(4) regular holonomic ^pi-modules ^ with singularities at C U {oo}, which are 
minimal extensions at C (i.e., have neither sub nor quotient module supported on C) 
and maximal extensions at oo (i.e., are (*oo)-modules), 

(5) regular holonomic C[t](dt) -modules M with singularities at C and which have 
neither sub nor quotient modules supported on C . 

This correspondence extends to a correspondence with sesquilinear pairing as fol- 
lows. Let J/*'(A() be the Schwartz space of tempered distributions on A*. This is 
the space of global sections of the sheaf Sb" 1 ! " 1004 on Pi of distributions on A 1 , which 
have moderate growth at infinity (on any open set U of Pj , its space of sections is 
the dual of the space of C°° functions with compact support on U having rapid de- 
cay at infinity; it can be regarded as the quotient of the sheaf of distributions on P\ 
modulo distributions supported at infinity and is also equal to the localized sheaf 
<f?pi(*oo) ®e fl 2>bpi , according to the division property of distributions by holomor- 
phic functions). We will also consider the sheaf Dbp 1 odCu °° f on Pi of distributions 
on A 1 , \ C having moderate growth at C U {oo t }. 

Then, any sesquilinear pairing /ib : ®<c C A i xC between the local sys- 

tems y and i / " (where "V" denotes the conjugate local system and "sesquilinear" 
means that /ib is a C-linear morphism) induces in a unique way a sesquilinear pair- 
ing h on the minimal extensions taking values in the Schwartz space of tempered 
distributions on and which is linear with respect to the natural C[t](c?t)®cC[t] (en- 
action on both the source and the target. Indeed, it is easy to extend /ib as a V-flat 
sesquilinear pairing h : V ®c V" — > ^^ vC <, i.e., which satisfies 

hiVv^v") = dh(v',v") and h(v', W 7 ) = dh(v', v") 

for all local sections v',v" of V',V". Since any local meromorphic basis of ^ can 
be expressed with coefficients having moderate growth in any basis of local horizon- 
tal sections (according to the regularity of the connection), the pairing extends as a 
sesquilinear pairing between and the conjugate of taking values in the sheaf 
of distributions on P* having moderate growth at C U {oot} (sesquilinearity means 
^pi(*oot) <g> £Fpi (*0O{)-linearity). The latter induces such a pairing between the min- 
imal extensions jM" with values in 2)b™i° dC,Uo0t . A local inspection of the values 
of this pairing near the points of C shows that it can be canonically lifted as a pairing 
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with values in the sheaf on Pj of distributions on A^ with moderate growth at infin- 
ity. Taking global sections on Wj gives a sesquilinear pairing h : M' <£> M" — > <9"(A\). 
Going in the other direction from M to "V is easier via the de Rham functor, and we 
denote by /idr the corresponding form. 

Let h : M' <g>cM" —> J*"(Aj) be a sesquilinear pairing between holonomic C[t](dt)- 
modules. We can view ft, as a C[t] ((9i)-linear morphism M' —> Hom c ^ a ^ (M" , J?"(A\)), 
where the latter module is equipped with the C[t](9t) -module structure coming from 
that on y'(A\). It is known (but not used now) that Hon w, , Qt . (M" , <¥" (A\ ) ) 
is also a holonomic C[t](9t)-module (cf. [261 Cor. II. 3. 4. 2]). We will say that h is 
nondegenerate if it induces an isomorphism M' — > Hom c ^^ (M " , J?"(A\)). If 
M' = M", the definition of "Hermitian" is the obvious one. 

Similarly, one can define the notion of "nondegenerate" and "Hermitian" at all 
steps of the Riemann-Hilbert correspondence above. It is easy to see that if h : 
M' <E) C M" -> y'(^t) is nondegenerate, then so is /i DR : f ® ~¥" C A i xC (by 
sheafifying the morphism M' — > Homj^j^y(M", J^'(Aj)) and restricting to A x t \ C). 
The converse also holds, but we will not need it in this article (in a special case the 
result follows from Lemma T5.6I below) . 

Let us also notice that, if a C[i](<9t)-modulc M has regular singularities at CU{oo} 
and is equipped with a nondegenerate sesquilinear pairing h, then M is a mini- 
mal extension at its singularity set C if and only if M has no submodule sup- 
ported by C (a quotient module supported by C would produce a submodule of 
Hom c[t] {dt ) (M, ,y (A\ ) ) ~ M supported by C). 

Lastly, we remark that if h is Hermitian and nondegenerate on M, it is so on V 
(and the connection on V is the holomorphic part of the Chern connection of h), and 
then it is positive definite at one fibre of V if and only if it is so at any fibre of V 
(because A\ \ C is connected). In such a case, V is a holomorphic vector bundle 
on Aj \ C with a flat Hermitian metric h. By the Riemann-Hilbert correspondence 
(taking horizontal sections), it corresponds to a locally constant sheaf "V of complex 
vector spaces on Aj \ C whose monodromy is unitary, that is, whose associated 
monodromy representation takes values, up to conjugation, in the unitary group. In 
particular the representation is semi-simple and, going back through the Riemann- 
Hilbert correspondence, the corresponding C[t] (<9t)-module M is semi-simple. 

l.b. Laplace transformation and sesquilinear pairings. Let M be a holonomic 
C[f](dt)-module and let N = F M be its Laplace transform with kernel e~ tT : by 
definition, F M coincides with M as a C- vector space and the C[r](9 T ) action is defined 
by t • txi = dtm, d T m = —tm. It is known (cf. e.g. |21[ Chap. V]) that Laplace 
transformation gives a one-to-one correspondence between regular holonomic C[t)(dt}- 
modules and holonomic C[r] (d T ) -modules with a regular singularity at r = and 
an irregular one of exponential type at infinity, in the following sense. Let us set 
G = C[t, t _1 ] <8>c[t] F M and z = t _1 . This is a free C[r, r _1 ]-module of finite rank 
equipped with a connection. Then G := C[z] <E>c[z] G is a free C((z))-vector space with 
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connection, isomorphic to 

e (g- c ' z ® r c ) 

cec 

(called the Levelt-Turrittin decomposition), where R c has a regular connection and 
g-l* := (C[z],d-«f(l/z)). 

We will denote by A* (resp. A^) the affine line with coordinate t (resp. r) and by 

F t : ^'(Aj) — ► ^'(A 1 ,) 

the Fourier transformation of tempered distributions with kernel e tT ~ tT ^dt A dt. 
Recall that, given a function x(t) in the Schwartz space y{h}- T ) (i.e., x(t) C°°, 
rapidly decaying as well as all its derivatives when r — > oo), wc set ^> = x( T )dT A cZr 
and, for T e J?" (A*), 



(F t T, </>(t)) := (T, (F T iP)£dt A eft), with (F T ^)(i) = / e tT - tT V(r) G ^(A t ). 

The Fourier transform F t is an isomorphism between J^'(A() and J^'(A^.). More- 
over, defining similarly F r : .y'{h^ T ) — > ^'(Aj) with the kernel e tT ~ tT ^dr A dr, we 
have 

(where F T has kernel e tT ~ tT -^dr Adf). Indeed, it is enough to check the dual relation 
for the Fourier transform of functions in the Schwartz classes J^(Aj) and ^(A^). Let 
us set t = (x + %)/\/2 and t = (£ + it])/\/2. Let p = \{x,y)dx A with x in the 
Schwartz class on A : t . If we set s = (u + iv)/V2, the assertion amounts to 



/ e tr -* T ( / e ST - s ^(u,v))^dTAdr 



^-dtAdt = if(x,y), 



or equivalently 



/ e-^+^U [ e i ( UT >+ v ® X (u,v)duAdv)d{Adr 1 = x(x,y). 

47r ■/ AV V •/ A^ 7 

Here, A 1 is oriented with its complex structure, so that if we denote by du ■ dv the 
Lebesgue measure and IA 1 ! = M 2 without orientation, we have J Al • duAdv — J^ Al | • du- 
dv, so our assertion reduces to the standard Fourier inversion formula for functions 
in the Schwartz class of R 2 . 

It is well-known that F t and F T are linear with respect to the C[t](d t ) <8>c C[t] (en- 
action on ^'(Aj) and the C[r](<9 T ) ®c C[r](<9 T )-action on J^'(A^.) via the correspon- 
dence 9t t, i <-> — <9 T defined above. 

If ft : M' ® c M" ->• ^"(A^) is a sesquilinear pairing, we define the Fourier trans- 
form F h as the composition F t o h. In order to interpret F h as a C[r](<9 T ) ®c C[r](9 T )- 
linear morphism, and thus to keep sesquilinearity, we have to use the kernels e~ tT 
on M' and e tT on M", that is, to regard F h as a pairing from the Laplace transform 
of M' and the conjugate of the inverse Laplace transform of M" , which is nothing but 
l + N", if we denote by i the involution t — r. We therefore view F h as sesquilinear 
pairing N' ® c t + iV" -> ^'(A^). Note that wc recover h as F T F t h. We will also set 
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h := -^ F h. It is important to notice that h (or F h) is nondegenerate if and only if h 
is so. This follows from the fact that F t is an isomorphism. 

We also remark that, if M' = M" = M, h is Hermitian if and only if F h is 
t-Hermitian. Indeed, c induces an involution t* : ,5 fi '(P^ T ) — > ,S fi '(P^ T ) and we have 
F t (T) = l*FYT for T G y"(A\). This is also equivalent to h = ± F h being i-skew- 
Hermitian (the choice of the sign +i is irrelevant here, it will be justified by the 
comparison lemma [575| . 

I.e. A criterion on F M asserting that M is a minimal extension. Let M 

be a regular holonomic C[t] (dt) -module with singularities at G. Let N = F M be its 
Laplace transform and set G = C[t, t^ 1 ] <£>c[ t ] N as above. 

Lemma 1.1 . Let us assume that 

• M is equipped with a nondegenerate sesquilinear pairing h, 

• N = F M is a minimal extension at t = (its regular singularity). 

Then M is a minimal extension if and only if G has no rank-one C[r, t ]- submodule 
stable by V on which the monodromy is the identity. 

Proof. Because of the existence of h, M is a minimal extension if and only if it has no 
submodule isomorphic to C[t](d t ) /C[t](d t )(t — c), with c G C. This is equivalent to 
asking that N has no submodule isomorphic to (C[r], d — cdr). On the other hand, 
any <C[t, r~ 1 ]-submodule of G stable by V has a regular singularity at the origin and 
has exponential type at infinity. If such a module has rank one and if the monodromy 
is the identity, it must be equal to (C[r, r _1 ], d — cdr) for some c G C (in fact some 
ceC). 

Assume that M is a minimal extension. If we had a submodule (C[r, r _1 ], d — cdr) 
in G, then (C[r] , d — cdr) would be a C[r] (d T ) -submodule of G. Since TV is a minimal 
extension at r = 0, it is included in G. Since the intersection in G of (C[r],c? — cdr) 
and N is non-zero (because it is non-zero after localization), and since (C[r], d — cdr) 
is a simple C[r](<9 r )-module, (C[r], d— cdr) would be contained N. By inverse Laplace 
transform, M would have a submodule supported on C, a contradiction. 

Conversely, assume that G is as in the lemma. Then N does not have any C[r] (d T )- 
submodule isomorphic to (C[t], d— cdr) (otherwise, by localization, it would produce 
a (C[t, r _1 ],d — cdr) in G). By inverse Laplace transform, M has no sub-module 
supported on C. □ 

Remark 1.2. In particular, if we assume that 1 is not an eigenvalue of the monodromy 
on (G, V), then the condition of the lemma is fulfilled and M is a minimal extension. 

l.d. The Brieskorn lattice of a Deligne lattice. Let M be a regular holonomic 
C[t](dt) -module with singularities at C. Assume that M is a minimal extension at G. 
Assume also that the eigenvalues of the local monodromies of the corresponding local 
system "V have absolute value equal to one (this property holds if 'Y is unitary). 
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Let us denote by V y 1 M the free C[t]-submodule of M satisfying the following two 
properties: 

(1) the connection V on M induces a logarithmic connection on V > ~ 1 M > 

(2) the eigenvalues of the residues at C (which are real by the assumption on the 
local monodromies) belong to (—1,0]. 

Because M is assumed to be a minimal extension, it is generated, as a C[t] (dt)-module, 
by V > ~ 1 M. 

The Brieskorn lattice Gq attached to V > ~ 1 M is, by definition, the C[t -1 ]- 
submodule of G generated by the image of V > ~ 1 M in G via the localization 
morphism M = M —> G. 

Each R c in the Levelt-Turrittin decomposition of G has a formal Deligne lat- 
tice V >0 R C which is the unique logarithmic lattice for which the eigenvalues of 
the residue of the connection belong to (0, 1], and therefore (according e.g. to [231 
Prop. 2.1]) G has a unique C[z]-lattice DM >0 G whose associated formal lattice is 
(B cec (£~ c/z ® V >0 R C ). We call DM >0 G the Deligne-Malgrange lattice of G at oo. 

Lemma 1.3. We have G = DM >0 G. 

Proof. It is known that C[z] <g> c[z] G decomposes as ceC .(<?~ c/z O (V >_1 Af)£), 
where (V > M)% is the formal microlocalization of V > ~ 1 M at c (cf. (281 Prop. 2.3]). 
The identification of (F >_1 M)£ with V >0 R C is then standard. □ 

I.e. Twistor gluing. Let (JF, V) be a free C{z}-module of finite rank with a 
meromorphic connection having a pole of order 2 at z = 0. We will assume that 
the connection V on the associated meromorphic bundle J%?(*0) = C({z}) ®c{z} ■MF 
is of exponential type. Let J^° v denote the local system of horizontal sections of V on 
a small punctured disc A* centered at z — 0. Assume moreover that we are given a 
nondegenerate i-skew-Hermitian pairing he : ^ v ®c i' x ^ v -> C A * , where l is the 
involution z <— > — z (the index B is for "Betti", as such a pairing is often defined in a 
topological way). We associate to he the i-Hermitian pairing — 27rihB- 

Using the flat connection V, it is possible to extend in a unique way the previous 
objects as analogous objects on the complex line A^. ,an . On the circle \z\ = 1, the 
involution l coincides with the anti-linear involution a : z n- —1/z, and — 27rih B |s 1 
can be used to glue Jff v (dual of Jf) with a*Jif, to get a holomorphic bundle on P 1 , 
that is (as this is compatible with the connection) an integrable twistor structure. We 
say that this twistor structure is obtained by twistor gluing of V, hs) (cf. [9| 
Lemma 2.14], [29 ( Dcf. 1.29]). 

An example where the resulting twistor structure is pure of weight (or of some 
weight) and polarized is obtained as follows (cf. |29j ). Let M be a regular holo- 
nomic C[t](dt) -module, which is a minimal extension at its singular set C, and which 
is endowed with a Hermitian pairing h with values in S^"(P^ t ). Then its Laplace 
transform F M is a holonomic C[r](9 r )-module, with a regular singularity at r = 
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and an irregular one of exponential type at r = oo. The Fourier transformed pair- 
ing F h induces a t-skew-Hermitian pairing he = on the corresponding local 
system F "V . On the other hand, we denote by DM >0 G the Deligne-Malgrange lattice 
of G = C[t, t _1 ] (g) F M at t — oo (which is also the Brieskorn lattice Go of the Deligne 
lattice V > ~ 1 M, according to Lemma fl.3|) . Setting z = r _1 , we can thus apply the 
twistor gluing procedure to these data. As a direct consequence of [291 Cor. 3.15] 
(using that a flat Hermitian bundle is a variation of complex Hodge structures of type 
(0,0)), we get: 

Proposition 1.4. If the pairing h is Hermitian positive definite on (V, V), then the 
integrable twistor structure attached to (DM >0 G, V, F h = — 27rihe) is pure of weight 
and polarized. □ 

As a consequence of the previous results we obtain: 

Corollary 1.5 . Let N be a holonomic C[r](d T ) -module of exponential type at infinity 
having a single singularity at in A^, which is regular. Set G — C[r, r _1 ] ®c[t] N. 
Assume that 

(1) G has no rank-one <C[T,T~ l ]-submodule stable by V on which the monodromy 
is the identity, 

(2) N is a minimal extension at t — 0, 

(3) N is equipped with a nondegenerate i-skew-Hermitian pairing h such that h := 
— 2itiF T h is positive definite at one fibre c ^ C (set of exponential factors of N at 
infinity). 

Then the triple (DM >0 G, V, — 2nih) defines, by twistor gluing, an integrable twistor 
structure which is pure of weight and polarized. 

Proof. The assumption that N has as its single singularity, which is regular, at 
finite distance and has an irregular singularity of exponential type at infinity means 
that N = F M for some regular holonomic M (cf. [211 Chap. V] or |31l Lemma 1.5]). 
Since h is nondegenerate on N by II. 5113") ) , so is h on M and, according to Lemma 11.11 
ll.51f Tj) and ll.5p |). M is a minimal extension at its singularity set G. Moreover, h 
restricts as a nondegenerate Hermitian form on (V, V). Being positive definite at 
some c ^ G bv ll.5t[ 3"l). it is positive definite all over A x t \ G, and thus the assumption 
of Proposition II .41 is satisfied by M. Lastly, we have F h = — 27rih. □ 



2. Stokes filtration and Stokes data 

In this section we recall the notion of Stokes filtration as defined in [5] (cf. also 
|20j . pQ, |21j ) in the particular case of Stokes nitrations which are of exponential 
type. We make explicit the correspondence to the more classical approach via Stokes 
data, and we mainly focus on the behaviour with respect to a sesquilinear pairing 
(hence also to duality). 
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2. a. Stokes filtration. Let k be a field (e.g. Q or C). Let ^£ be a local system 
of finite dimensional k- vector spaces on the circle S 1 with coordinate e . A Stokes 
filtration of ££ is a family of subsheaves J2?^ c C J?, with c G C, satisfying the following 
properties: 

(1) For each 9 £ ~R/2irZ, let ^ e be the partial order on C which is compatible with 
addition and satisfies 

c^„0 c = or argc- 9 £ (7r/2,37r/2) mod 2?r. 

We also set c < e iff c ^ and c ^ e 0. One requires that, for each 9, the germs ~S^ C ,6> 
form an exhaustive increasing filtration of «5f# with respect to 

(2) Because the order ^ e is open with respect to 9, the germs Jzf< c := 
J2d< c-^kc.e ghie as a subsheaf J>f< c of jSf . One requires that the graded sheaves 
gr c Jz? := Jzf^ c /Jzf <c are locally constant sheaves on S 1 . 

(3) Near any e 10 £ S 1 , one requires that there are local isomorphisms (Jzf, Jzf.) ~ 
(grJSf, (gr_Sf).), where the Stokes filtration on gr«Sf := ® ceC gr c _£f is the natural 
one, that is, (gr„S?)^ Ci e = ® c ,^ c gr c , „£?. In particular, gr c Jz? = except for c in a 
finite set C C C, called the set of exponential factors of the Stokes filtration (Jzf, Jz?.). 

Remarks 2.1 . 

(1) We simplify here the general definition of a Stokes filtration, as we only deal 
with this kind of filtrations. It is called "of exponential type" in |19j . The case 
where C = {0} corresponds to a regular singularity in the setting of bundles with 
meromorphic connections. One can notice that, as a consequence of the definition, 
the set C is not empty except possibly if = 0; in such a case, it will be convenient 
to assume also C^0, e.g. C — {0}. 

(2) For each pair c / c 1 e C, there are exactly two values of 9 mod 2ir, say 9 c c r 
and ff /, such that c and c' are not comparable at 9. We have & c , = 9 C>C > +n. These 
values are called the Stokes directions of the pair (c, c'). For any 9 in one component 
of R/2irZ \ {9 C>C >, 9' c c ,}, we have c < g c', and the reverse inequality for any 9 in the 
other component. We denote the images of these intervals in S 1 via 9 H> e %0 by S\ <c , 
and S\, <c respectively. If c = c', we set S]. <c := S 1 . 

(3) For each pair c, c £ C, the inclusion j c ^ Co ■ Sl< Co ^ S 1 is open. We will 
denote by /3 c ^ Co the functor 3c^c ,\3c< Co i consisting in restricting a sheaf to this open 
set and extending the restriction to S 1 by 0. The filtration condition (TTJ above implies 
that, for each pair c, c D , there is a natural inclusion /3 c ^c -S?<c -^c„- 

A morphism A : (j£f, Jzf.) — > (JS?', Jz?') of Stokes-filtered local systems is a morphism 
of local systems satisfying A(«5f^ c ) C -2f< c for each c 6 C. 

Proposition 2.2 . 

(1) On any open interval I C R/27rZ of length tt + 2e with e > small, there exists 
a unique splitting ~ ® c gr c Jzfjj compatible with the Stokes filtrations. 
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(2) Let A : (_S?,_2f.) — > (jSf',_Sf.') be a morphism of Stokes- filtered local systems. 
Then, for any open interval I C M/27rZ of length tt + 2e, the morphism A|j is graded 
with respect to the splittings in ([T]). 

Proof. 

((T|) This is a particular case of [201 §5]. 

([2]) By the first part of the proposition, choosing a splitting of the Stokes nitrations 
of Jzf and Jzf' on / allows us to decompose A|/ into blocks Ay : gr c . Jz? — > gi c . Jzf' . 
Each Xij is a morphism of local systems. In particular, it vanishes identically if and 
only if it vanishes at one point. By assumption, the interval / contains one (and 
exactly one) Stokes direction for each pair (ci,Cj) with i ^ j, which is a 8 a such 
that Ci and Cj are not comparable with respect to ^ e . Then, for 9 on one side of 9 a , 
one has < e Cj and, for 9 on the other side, one has the reverse inequality. Since A is 
compatible with the Stokes filtration, this implies that Ay {i ^ j) vanishes on some 
nonempty subset of /, and therefore all over I. □ 

Remark 2.3 . One can regard this splitting result in various ways: 

(1) For 9,9' = 9 + it E I, the nitrations Jzfg.,e and are opposite, if one 
identifies the opposite fibres Jdg and by the flat structure along the interval /. 
The given splitting is the unique common splitting of these opposite nitrations. 

(2) The pieces of the unique splitting of Jt?\j are the constant sheaves T(I,Jt?^ Ci ). 
Proposition l2.2[f Tj) says that these spaces of sections on / fit together to a direct sum 
which generates all sections of Jz? on /. 

Proposition 2.4 . The category of Stokes-filtered local systems (,£f,J>f.) is abelian. 

Proof. Let A : (.£f',Jzf.') — > (J??,Jz?.) be a morphism of Stokes structures. Firstly, 
KerA and CokerA are local systems on S . Moreover, on any open interval / of 
length 7r + 2e, A is graded, according to I2.2[ l2"j). This easily implies that, on each 
such /, the kernel and the cokernel of A : .if.' — > Jzf. are Stokes nitrations of Ker A and 
CokerA respectively, so that KerA and CokerA exist as Stokes-filtered local systems, 
and the morphism of the co- image to the image of A is an isomorphism, so the category 
is abelian. □ 

Let be the afiine line with coordinate r. From [5] (cf. also [20], [T], [21] L we 

get: 

Proposition 2.5 . If k = C, there is an equivalence between the category of rational 
connections on with a regular singularity at r = and of exponential type at 
t = OD, and the category of Stokes-filtered local systems (of exponential type) on the 
circle at infinity of £\ T . □ 

Of course, this result gives back the abelianity result of Proposition 12.41 (proved 
directly for any field of coefficients) . 
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2.b. Stokes data. These are linear data which provide a description of a Stokes- 
filtered local system. Let G be a non-empty finite subset of C. We say that 9 Q G 
R./27rZ is generic with respect to G if it is a Stokes direction (cf. Remark I2.1tl2"j l) for 
no pair c 7^ d G G. Once (9 generic with respect to G is chosen, there is a unique 
numbering of the set G in such a way that ci < e c 2 < g ■ ■ ■ < g c r . We will set 
S'o = o + tt. Note that the order is exactly reversed at 9' , so that — G is numbered 
as {-ci, . . . , -c„} by 

Definition 2.6. Let G be a non-empty finite subset of C and let 9 a G R/27rZ be generic 
with respect to G. The category of Stokes data with exponential factors in G totally 
ordered by o (we also say of type (C,9 )) has objects consisting of two families of 
fc-vector spaces (G Cj i, G c ^)cec an d a diagram of morphisms 

S 
S' 

such that, for the numbering C — {c\, . . . , c„} defined by # D , 

(1) S = (iSy)i,i=i,---,n is block-upper triangular, i.e., SV, : G Ci .i — > G Cji 2 is zero 
unless i ^ j, and Su is invertible (so dimG Cii i = dimG Cij 2, and S itself is invertible), 

(2) S' = (/£y)i,j=i,...,n is block-lower triangular, i.e., S[j : G Ci 4 — > G c .^ is zero 
unless i ^ j, and is invertible (so S' itself is invertible). 

A morphism of Stokes data of type (G, 9 a ) consists of morphisms of A;-vector spaces 
A c / : G Ct i — > G' c g, c € C, £ = 1, 2 which are compatible with the corresponding 
diagrams (|2.6j)(*)l 

Fixing bases in the spaces G c ^, c G G, £ = 1, 2, allows one to present Stokes data by 
matrices (E,S') where S = (Sy )i.j = i,... in (resp. £' = (Sy)ij=i,..., n ) is block-upper 
(resp. -lower) triangular and each Ej, (resp. T,' u ) is invertible. 

The category of Stokes data of type (C,9 a ) is clearly abelian. We will now define 
a functor (depending on 9 ) from the category of Stokes-filtered local systems with 
exponential factors contained in G to the category of Stokes data of type (G, 9 ), and 
we will show that it is an equivalence. In the next section, we will show that it is 
compatible with natural operations on these objects (involution 1, duality, sesquilinear 
duality) . 

Let us also fix two opposite intervals I\ and I2 of length tt + 2e on R/2irZ so that 
their intersection I\ n I2 consists of two intervals (9 a — e, 9 a + e) and (9' — e, 9' + e), 
and contains no Stokes direction of pairs c 7^ c' G G. 

To a local system Jz? on S* 1 we attach the following "monodromy data" (they are 
quite redundant): 

(1) vector spaces L\ = r(ii,j£f) and L 2 = T(I 2 ,J2f), 

(2) vector spaces Lq — -2e and Lq^ = J£e' ol 
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(3) a diagram of isomorphisms, given by the natural restriction morphisms, 

Li 




This reduces to two possible descriptions: 
(a) (Li, L2, Sg o , Sq> ), with isomorphisms Sg 
T\ : L\ — > L\, where 



, Sf>> 



L2 and monodromy 



So 



a 2 di, Sg 



a a-. 



Sa 1 Sgi . 



(b) (Lg o , Lg> , Si, S2) with isomorphisms S\,S2 '■ Lg 
Tg„ : La — > Lg r . where 



Lgi and monodromy 



Si 



S 2 



a 9 a 



2 U 2 



Tg 



Sn Si- 



Assume now that (Jzf, Jzf.) is a Stokes- filtered local system with associated graded 



The filtration Jzf. 



<c,l 



induces a filtration on Lg 



local system 'S — gr _Sf = 
and, through ai, a filtration ^i,^ • of Li. We have a similar filtration attached to < 
We have splittings (cf. Proposition 12 . 2[f T]) ) : 

(JSf,JSf.)|i, - - i^^.)\h, 

giving isomorphisms 



(2.7) 



Li 



is 



©G Cl . 2 

i=l 



compatible with Stokes nitrations (in other words, both nitrations £i,< e • and Li ^ . 
are opposite in L\, cf. Remark 12. 3[fTl) . giving rise to a unique common splitting, and 
similarly for L2), and such that S'e o (resp. Sg' ) is compatible with the filtration at o 
(resp. 0' o ) and the graded morphisms are isomorphisms. Taking into account the as- 
sumption on the ordering of the Cj , this is equivalent to saying that Sg o is block- upper 
triangular, Sg' is block-lower triangular, and each diagonal block gr Ci Sg o , gr c . Sg/ is 
an isomorphism. In such a way, we have defined the desired functor (to check the 
compatibility with morphisms, use Proposition 12 .2tl2"j ) ) . The Stokes data attached to 
(Jzf,,5?.) are given by the diagram: 

Se a 



(2. 



© G Ci ,i 

i=l 



© G cu2 

ir i=l 



S e > 



Note also that the monodromy T Ci on gr c . jSf is given by T Cit i = (gr c . Sg a ) 1 gr c 
(this is of course not obtained from the blocks of T\ = Sg 1 Sgi in general). 



Sg, 
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As a consequence of the previous discussion we can state the following classical 
result (the bijection at the level of Horn follows from Proposition 12 . 2[j 2"j) ) : 

Proposition 2.9. The previous junctor is an equivalence between the category of Stokes- 
filtered local systems with exponential factors contained in C and the category of Stokes 
data of type (C,9 ). □ 

Definition 2.10 (minimality property). We say that the Stokes data (|2.6[H*)l satisfv the 

minimality property if the vector space K c := {v G G c .i | S(v) — S'(v) G G c ^} is 
equal to zero for any c € C. 

Remark 2.11 . Notice that, if S — S' is invertible, the minimality property is automat- 
ically satisfied. Notice also that K c is the subspace of G C: \ consisting of eigenvectors 
of Ti (and thus of T Ci i) with eigenvalue 1. 

Lemma 2.12 . Under the equivalence of Proposition^!^ the Stokes data attached to 
(Jz?,Jzf.) satisfy the minimality property of Definition 12.101 if and only if (,S?,J>f.) 
has no subobject (Jzf' ,Jz?') (in the category of Stokes-filtered local systems) such that 

se' = k S i. 

Proof. A subobject (Jzf' ,-S?.') of (Jzf,.5f.) corresponds to a subdiagram of (|2.8[) com- 
patible with the splittings (|2.7|1 . The condition in Definition 12.101 amounts to the 
existence of a subdiagram 



(ZEK*) k-v k-(S 6o v) 



Se> o 

of (|2.8[) with v € G c -i and Sg o v = Sg'V g G Cjoy 2, therefore compatible with the 
splittings (|2.7p . and v € L\ satisfies T\V — v. Therefore it corresponds to Jf.') C 
(JSf,J2f.) withJSf' = fe s i. □ 

Remark 2.13 . Definition 12.101 and Lemma 12.121 fit to Lemma 11.11 and to the property 
that M is a minimal extension via Propositions 12.51 and [ 



3. Natural operations on Stokes nitrations and Stokes data 

3. a. Involution. Let u be the involution z H> —z, which is induced on K/27rZ by 
9 n- 9' := 9 + 7r. Given a Stokes-filtered local system we define i _1 (^f, Jzf.) 

in the following way: 

• the corresponding local system is i^Jzf, so that (i _1 «5f)e = , 

• the filtration (t _1 ^f). is defined by (t _1 ^f)^ c = t _1 (^f<j_ c ), hence (i _1 «5f)^ c ^ = 
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Note that the filtration defined above is increasing, that is, d ^„ c •<=>■ — d ^ e ,—c. 
The monodromy data i~ 1 (Li, L2, Sg o , So* ) of l~ x S£ are given by (L2, L\, S^, 1 , Sg 1 ). 
The Stokes data of i _1 (Jzf, Jzf.) are given by 

K 

In other words, 6~ 1 (|2.8l)l defines a functor t from the category of Stokes data of type 
(C,8 ) to that of type (— C,0' o ), and the corresponding equivalences of Proposition 
12.91 are compatible with 1 on both categories. 

Let us note that, although the local systems Jzf and i _1 Jzf are isomorphic (since 1 is 
homotopic to the identity), the Stokes-filtered local systems (Jzf, Jzf.) and t _1 (Jzf, Jzf.) 
are in general not isomorphic. For example, they are isomorphic if both S and S' are 
block-diagonal, an isomorphism of the corresponding Stokes data being given by the 
pair of morphisms (S'^SS'' 1 , SS'^S). 

3.b. Duality. Let (Jzf, Jzf.) be a Stokes-filtered local system. The dual local system 
Jzf v comes equipped with a filtration (Jzf v ). defined by 

(Jzf V );g c = (-Sf<_ C ) ) 

where the orthogonality is relative to duality that is, (^f < -c) ± consists of local mor- 
phisms Jzf — > kgi sending Jzf<- C to 0. Using, in a neighbourhood of e l6 € S 1 , a local 
splitting of Jzf as © c . eC gr c . Jzf compatible with the Stokes filtration, we get a corre- 
sponding local splitting Jzf v ~ (B ce c(§ r c; -^Y ' 1 an d a germ at e 10 of a morphism <^ 
has components ipi. Then tp 6 (Jzf<_ c )^ if and only if its components ^ vanish when- 
ever /3 Ci <_ c gr c . Jzf 7^ somewhere near 9. So the only possible nonzero components ipi 
of ip occur when — Cj ^ e c. If we set gr_ c . Jzf v := (gr c . Jzf) v , this shows that (Jzf v )^ c 
locally splits near e l ° as i /3_ Cj ^ c gr_ c . Jzf v , defining thus a Stokes filtration satis- 
fying gr c (J? v ) = (gr_ c J?) v for any c G C. The monodromy data (L-l, L 2 , S 8o , S e > o ) v 
are given by (L^ , L^^Sg 1 ^Sg, 1 ), where '5 denotes the adjoint by duality of S. The 
Stokes data are given by 

to-1 

(Mir ©(G c „i) v ©(g Ci , 2 ) v . 

Z— 1 . I— 1 

to-1 

Let us define the duality functor from the category of Stokes data of type (C, 8 ) to 
that of type (— C, 6 ) by the previous formula (because we use the reverse numbering 
ofCto get that ^g" 1 is upper triangular, that is, the numbering of —C induced by o ). 
Then the equivalence of Proposition 12.91 is compatible with duality. 
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Let us now compare with Poincare-Verdier duality of sheaves on S 1 . For a sheaf & 
on S 1 , we denote by D^" = R J4fomk(cP, fcgi [1]) its Poincare-Verdier dual and by 
= R,%fom k {&, k s i) the shifted complex. We clearly have D'if = if v . 

Lemma 3.1. For each ceC, the complexes B'(Jzf<g c ) and B'(Jzf /ifg c ) are sheaves and 

©'(if/if^c) - (=^c) ± - (^ V )<-c 

The first statement means that fc ID>'(Jz^ c ) = if k ^ 0, and thus D'(jSf^ c ) is 
quasi-isomorphic to Jt? W (Jif^c) — Jt?onik(Jit?^ c , fegi) and similarly for if '/ 'if<g c . 

Proof. The first assertion is local on S 11 , so we can assume that if is split with respect 
to the Stokes filtration. Near 8 a € R/2ttZ, we therefore only need to consider two 
cases: 

(1) i?<; c is a local system on (9 — e, O + e), 

(2) Jz?<j c = jiif , where if is a local system on (0 O — e, O ) and j : (0 o — e, o ) 
(0 O — e, O + e) is the open inclusion. 

The first case is clear. For the second one, note that B'jiif = j*if v . 

The argument for lD>'(if/if^ c ) is similar (but goes in the opposite direction in the 
second case). We conclude that we have an exact sequence of sheaves 

o — > ny(js?/js? <c ) — ► d'js? — ► B'(i^ c ) — > o, 

hence the last assertion. □ 



3.c. t-Sesquilinear forms. We assume here that k = C (or that k has an involution, 



that we denote by 



Let h : if 



if — > fc be linear, where if denotes the 



conjugate of if with respect to the involution (in what follows, one can assume that 
the involution is the identity and get similar results for t-bilinear forms). We call h a 
i-sesquilinear form on if. Using the previous monodromy data, giving h amounts to 
giving two sesquilinear forms 



'12 



k. 



'21 



such that, considering them as morphisms L 2 
diagrams commute (defining hg , hg>) 



L 2 <Ei L\ — > k 

■> L\ and L\ — > L' 2 , the following 



hi2 



(3.2) 







«2 












Le 




V 1 





— ► -kfl' 



Il — ^ 



that is, 
(3.3) 



h 2l(v) = h i2( 5 V, 1 *' ,s e'*) = his^fl' 1 *!^..*)- 
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In particular, h 2 y determines h 12 . We say that h is nondegenerate if it induces an 
isomorphism i~ x 5£ Jz? v , that is, if h 2 y (hence h 12 ) is nondegenerate. We say 
that h is t-skew-Hermitian if l h = — h (with an obvious meaning), that is, if 



(3.4) h 2T (x 2 ,xi) = -h 12 (xi,x 2 ). 

Remark 3.5 (Various forms of h) . It will be useful to read h in the spaces Lg o , L' e or 
only in L±. We will make explicit the formulas between the various forms. We denote 
by Xi,yi general elements of Li, x,y of Lg o and x',y' of L' g . Firstly, p. 21) gives 



. • , . h eo (x,y') = h 12 (a 1 x, a 2 y 1 ) = h 2T (a 2 x,a x y')' 

CL3(a) _ _ _ _ 

h e> o (x',y) = h 12 (ai 1 x', a 2 *?/) = h 2T (a 2 V,^ y). 

6' — 

Let us define h,^, h,^- : Li ® Li — >• A; by 

ii' li 17 



33])(b) h .2.(^1, J/i) = h^ij^J/i), h 2(^1,^1) = hi^xijSfl/j/i). 



11 V ,, m~Jl"l'o»^! ll v 

Then 



(113(c) h^(xi,y 1 ) = h^(xi,T 1 y 1 ), 

and (13.31) is equivalent to 



13(d) h^Tni.Tu/i) - h^xi,^) and to h^(T lXl ,T m ) = h^fo.ft). 
We also get 



3J)(e) h 1 ^.(xi,j/ 1 ) = h 0o (aixi,aiyi) and h^(xi, y x ) = h 8 ;(aixi, a x yi). 
Moreover, h is t-skew-Hermitian iff 



(113(f) h^( 2/1) xi) = -h^(xi,y 1 ). 

Remark 3.6 (The form induced on Imcani). Let us set cani := Id— Ti : L\ L%. We 

have the following relations 



h 1 y(xi,cani y{) = h^(xi,y 1 ) - h^(xi,Tiyi) 
(a) , 

and similarly 

j3?6|)(b) h 1 2.(canixi,f 1 ) = h^(xi,y 1 ) - h^xi,^) = -h^(xi, canTyT)- 

Let us set F± — Imcani. Then defines a sesquilinear pairing h 6 j on F\ by setting, 
for i*i, v\ G Fi and u% — cani xi, Hi = cani y\ for some Xi, yi £ Li: 



This is independent of the choice of x\. if canxi — 0, we deduce from (|3.6|l(b)l 

h^(xi,«i) = h^(xi,cani yj) = -h^cam xi, y : ) = 0. 
We also set ^°(ui,«i) := h^ui,^). Then /i^(ui, «i) = -h e ^{ui,vi). 



18 



C. HERTLING & C. SABBAH 



If h is nondegenerate, then so is h j on Fx: assume that h^j(ux,vx) = for all 
V\ € Fx- Then h ^.(xi, canTyT) = for all j/i € Lx, and as above this implies that 
ux = cani xx = since is nondegenerate on Li. 

Lastly, if h is i-skew-Hermitian, then h i is Hermitian on Fx : we have 

^y(ui,ui) = h^(yi,canixi) = h^(j/i,xi) - h^(yi, x"i) 
= -h^i,y 1 ) + h^(x 1 ,y 1 ) after (I^TfTI 
= ^j-(wi,ui). 

3.d. t- Sesquilinear forms on Stokes-filtered local systems and Stokes data. 

If (.Sf,.Sf.) is a Stokes-filtered local system, we say that h is compatible with Stokes 
/titrations if the induced morphism t, _1 Jz? — > _S? V is so. By Proposition I2.2[ [2"1). h 12 
and h 2 y are block-diagonal. Similarly, given Stokes data ((G c ,i, Gc,2)c£Ci S, S') of 
type (C,6 ), a t-sesquilinear form on it consists of sesquilinear pairings : G Ci) i ® 
G Ci ,2 — > k (and similarly for h 2 y) which are compatible with the diagram (|2.6I)(*)I in 
a natural way. In other words, the equivalence of Proposition 12.91 is compatible with 
t-sesquilinear forms. 

Let us fix c € C such that 

(a) gr c ^f = (that is, if <c = _§f <c ). 

According to (jaj), the morphism h : t _1 «Sf — > Jz? v induces 

h c : t- X (^ c ) - (^^k-c — > (J^k-c - (J^ C ) X = (^/^c) v , 
that we consider as a pairing 

(3.7) hcifJSf/JS^cJOt- 1 ^^)— >fc s i 

Moreover, if h is nondegenerate, then h c is nondegenerate in the sense that h c induces 
an isomorphism 

(3.8) t _1 (^< e ) ^ D'(if/jSf <c ) - ^bm fe (Jf/j^ c ,fe sl ) - (J?/if <c ) v . 

Remark 3.9 (The form induced on A" c ). For c € C, let if c c G Cj i be the vector space 
introduced in Definition 12.101 Together with S or S', the sesquilinear form h 12 
produces a sesquilinear form \\k c '■ K c ® K c — > k by the formula h^- o (xi,y 1 ) = 
h 12 -(xi, S(yi)). Since S 1 = S' on _ftT c , the form hx a is skew-Hermitian, according to 
(|3.3p and (|3.4[) . We claim that, for c € C, i/ie /orm h^ c is nondegenerate if and 
only if the Stokes data (K Co , S(K Co ), S, S) enriched with the induced h 12 are a direct 
sumraand of the Stokes data ((G c> i) cg C) {G c ,2)cec, S, S') enriched with h 12 . 

Indeed, since h 12 is block-diagonal, h^- c is nondegenerate if and only if 
K Co n S^^) 1 - = {0}, where the orthogonal is taken with respect to h 12 . No- 
tice that SiKcJ 1 - = (SiK^) 1 - n G Co! i) 8 c ^ CoeC G C)i . A similar statement 
holds for S(K Co ) and K^r in (J) cgC .G C! 2- Then, if ^k Co is nondegenerate, we have 
® ceC Gc,i = K Co © SiKcJ 1 -, ceC G C! 2 = ^(ifcj © K^ o , and it remains to check 
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that S and S' send S(K Co ) x to K x , which follows from (|3T3"|) and ([S3- The converse 
is proved similarly. 

We also notice that, if the previous splitting property is satisfied for each c G C, 
then 

((Gc,i)cec, (G c ,2)cec, S, S , h l5 ) 

= ( (K c , S(K C ),S, S, h l3 )) 8 ((G' cA ) ceC , (G^, 2 ) cec , S, 5', h' l5 ), 

where the last term satisfies the minimality property of Definition 12.101 Indeed, we 
then have K' c = for any c G G. 

3.e. Description at 9 , 0' o . Let us fix bases of G Ci ,jt, A; = 1, 2, i = 1, . . . , r, in such 
a way that the matrix of is the identity. If we denote by E# o , ^6' the matrices of 
Sg o , Sei in these bases (recall that E# o is block-upper triangular and Eg* is block-lower 

triangular), then the matrix of is Eg o , that of h j is E#/. Moreover, according to 
(|3.5pff )1 h is t-skew-Hermitian iff 

(3.10) E e , =-% o . 

The results of Remark 13.61 can be read in Lg o via ax, a[ : L\ Lg o , Lg> . We set 
cane/ := S-f 1 — S*^ 1 : Lg/ — > Le o and F — Imcang/ C Lg o . Then hg^ : Lg> o ® Lg o — > fc 
induces hg/ : F <Ei F — > k by setting ft^/ (u, zJ) = h#/ for some (or any) x' G Lgi 

such that can^/ a;' = u. As above, one checks that if h is nondegenerate (resp. i-skew- 
Hermitian), then hgi is nondegenerate (resp. Hermitian) on F. 

On the other hand, the vector space K c is the intersection of the radical of Eg o +*Eg o 
with G Ci i, and the matrix of hj( c is the conjugate of that of SW c . If the splitting 
property at c Q considered in Remark l3.9l is satisfied, and if we choose correspondingly 
bases of G Co .i and G Coi 2 7 the diagonal block T,g o , CoCo is itself block-diagonal with 
respect to this splitting, and the block 'Eg ot x Co is skew-adjoint. 

Corollary 3.11 . Assume k = R or C. If h is nondegenerate and l- skew- Hermitian, 
and if the Hermitian matrix Eg o + 'Eg o is positive semi- definite, then hgi is positive 
definite on F. 

Proof. Since hgi is nondegenerate, it is enough to show that hgi (u,u) for all 
u G F. Set u = cang' x' and x\ — a 1 ^ x 1 . Then 

hgi (u,u) = hgi (x' , c&ngi x') — h^a'^ x' , (S^ — S^ 1 )^'). 

Now, 

a^S^x' — Si a'xXx = Sg o x\ and x' = a% S% a'xXx = SgiXi, 

hence hgi (u,u) = hj^xi, (Sg o — Sgi )x\). Since h is i-skcw-Hermitian, the matrix 
of h 1 2(*> (Se„ — Sg> )») is Eg o + t T,g o after (|3.10[) , which is positive semi-definite by 
assumption, hence hgi (u,u) ^ 0. □ 
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3.f. Sesquilinear forms on the cohomology. We now fix c € C such that 

(a) gr c Jzf = 0, and 

(b) Ci < g c for any i (that is, all the Cj lie in an open half-plane with boundary 
going through c). 

Let us first compute the cohomology. 

Lemma3.12. We have H k {S x ,^ c ) = if k ^ 1, 77 fc (S^ Jzf/_S? <C ) = z/ fc ^ 
and i/ie exarf sequence — > Jz?^ c -*if-> Jz?/Jz?^ c — > induces an exact sequence 
(defining the morphism can): 

— > H\S\,^) — -+ R Q {S X ,^I^ C ) H^S 1 ,^) — > H^S 1 ,^) — ► 0. 

Proof. We compute the cohomology with the covering (7i,7 2 ). Then H k (Ii,J*?^ c ) = 
for any fc (and similarly for 7 2 ): indeed, because of (jlj), there is a Stokes direction 
in ii for the pair (c, c,) for each i, and according to the splitting given by Proposition 
!2.2[f T|). J§^c|/i decomposes as the direct sum of sheaves, each of which is constant on 
a proper open interval of I\ and on the complementary set, which is also connected; 
the assertion follows from the vanishing of 77,q -^([0, 1), k) for any k. We also have 
H k {h n 7 2 ,_Sf <c ) = for k ^ and 77° (7 X n 7 2 , Jz^ c ) = U after ®. We conclude 
that ff 1 (5 1 ,^ c ) = J ff (7 1 n72,^ c ) = ^ o . 

Similarly, B. h \l h Jgf/jgf <c ) = (j = 1,2) for fc ^ follows from the similar 
vanishing of i7 fe ([0, 1), We also have H k {h n 7 2 ,Jf/_Sf <c ) = for fc ^ and 
J?°(/i n 7 2 ,jSf/_Sf <c ) ~ Moreover, the restriction morphisms H° (Ij , / 
H°(Ii n 7 2 , Jz?/Jzf^ c ) are isomorphisms. Therefore, the Cech complex 

fl°(Ji, J2f/J8f <c ) © H°(I 2 , JSf/j2f <c ) — > 77°(7i n J 2 , JSf/JSf^c) 
has cohomology in degree at most. □ 

Proposition 3.13 . If c satisfies Assumptions (jsj) and (|bj). £/ie natural pairing induced 
by h c /rom (I3.7[) : 

h c : J ET°(5 1 , JSf/jSf^ c ) ® T/V 1 . t _1 ^ c ) — -> H^S^k) = k 
is nondegenerate and corresponds to hgi , via the isomorphisms 

H°(S\J?/J? <C ) 77° (7i n/ 2 ,JSf/JSf <c ) = 7 < 
77 1 (S 1 ,t- 1 ^ <c ) = 77°(7 1 n7 2 ,t- 1 ^ c ) =7 9o . 

Proof. That the pairing h c of (|3.13pf *)l is nondegenerate a priori follows from (|3.8p . 
But this can also be obtained from the second part of the corollary, that we now 
prove with details. Let us consider the covering (7i,7 2 ) of S" 1 with 6> as in (jb| 
above. As a consequence, & := _£?/j2f^ c and := t _1 ,£?^ c are local systems in some 
neighbourhood of 7i n7 2 . Let us also denote by 'rf the constant sheaf fegi, and by 
ji : I\ 5 1 , j 2 : 7 2 5 1 , ji 2 : 7i n 7 2 S 11 the open inclusions. Given a sheaf ? 
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on S 1 , we set 1 a = ja,*.]^ 1 ? ( a = h 2 , 12 ), 3"° = ^1 © ?2, and J 1 = J 12 . We have a 
Mayer- Vietoris complex 

E^^-^SF 1 , (5(mi,w 2 ) = "1 - U2- 

The following is easy: 

Lemma 3.14. Let 1 be a sheaf on S . If 3 is a local system in some neighbourhood of 
1\ n I 2 , then the Mayer- Vietoris complex is a resolution of $ on S 1 . □ 

We will apply this lemma to Sf , % The simple complex s(JP' ®^*) is therefore 
a resolution of J?" ® ^. The pairing h c : ^ ® ^ — > ^ extends as a morphism of 
complexes h : s(^' ® Sf") — ► 'jf* as follows: we set 

h° : J?° ® ^° = (^i © ® (Sf x e Sfc) ~ -> ^° = («i © «a) 

(ui,u 2 ) ® (wi,«2) 1 — > (h c (ui,«i), h c (u 2 ,u 2 )), 
h 1 : (J^° ® Sf 1 ) © (J? 1 eg) Sf°) — > ^ 

([(wi,u 2 ) ®v 12 ], [ui2 ® (wi,w 2 )]) 1 — > 7; h c (ui + u 2 , W12) + h c (ui2, Wl + v 2 ) , 

h 2 =0 

where we implicitly have extended h c to pairings & a ®!l a 4fc,ae {1, 2, 12}. 

Lemma3.15. The resolution s{&' <%)&') of & ®<S is T{S 1 ,-)- acyclic. 

Proof. It is similar to that of Lemma 13.121 □ 

Clearly, <£' is also T(S 1 , .)-acyclic. As a consequence (cf. Th. II.4.7.2]), the 
morphism h c is expressed by taking H 1 of the morphism of complexes 

s(r(s\JH®r(s\£H) — > r(s\s(jr ®sr)) r(5l ' h) > r(5 1 ,^-). 

Using that r(5 1 ,^' ) = 0, after Lemma [3. 121 we regard h c as the composition 
T{S 1 ,.^°)®T{S 1 ^ 1 ) >T{S\&° ®y 1 )^—>T(S\ ( tf 1 ) 



Let € jff°(5 1 ,^') C L(S* 1 ,jr 1 )ffiL(S' 1 ,^ 2 ) = L e > o ®L e > o and let u e H x {S l ,<0) = 
r(Ji n I 2 ,@) = Lg o . Using the previous formula for h , (u, u) Cg « is sent to hg< (u, u) 
in the component feg/ of r(Ji n I 2 , k) and to in the component kg o . The second 
assertion of Proposition 13. 131 follows. □ 
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3.g. A Hermitian pairing on the cohomology. We continue to assume that c 
satisfies Assumptions (jlj) and (JbJ) of i j3.fl Let us first make explicit the middle mor- 
phism in the exact sequence of Lemma 13.121 

Lemma 3.16. Through the natural identifications H°(S , Jz?/Jz?^ c ) — > Lg> and 
if 1 (S' 1 ,Jgf^ c ) -A- Lg o , the natural morphism can : H° (S l , 3? / & <c ) -> «2^ c ) 
is identified with can#< = 5^ 1 — S 1 ^ 1 : Lg/ — > Lg o . 

Proof. Applying the snake lemma, we obtain the exact sequence of Lemma 13.121 from 
the following exact sequence of (vertical) Mayer- Vietoris complexes which computes 
the cohomology of the corresponding sheaves, where the vertical arrows are the dif- 
ferences pi — pi of the natural restriction morphisms from 1\ or 7 2 to I\ n 7 2 : 

> > r(/i, js?) © r(/ 2 , jsf) -> r(/ l5 J2f/jsf <c ) © r(/ 2> jsf/js?< c ) -> o 

-+ r(/i n z 2 ,^ c ) — ► r(/i n j a> jj?) ► r(/i n z 2 ,^f/Jf <c ) ► o 

Given u € r(/ lf Jzf/Jf^) ~ L<?/, its lift in r(/i,«5f) ~ ie o is SfV Then e 
Lg' is lifted as (Si 1 u, S^u), and its image in r(7i n 1%,^) — Lg> Lg o is 

ccVr 1 - S-a 1 )^. " □ 

Let F c = Imcan C H 1 (S 1 , ^f<g c )- According to Proposition ^. 131 Lemma T3. 161 and 
Remark l3.6l the sesquilinear pairing h c , as defined by (|3.13[)(*)l induces a sesquilinear 
pairing 

(3.17) h c :F c ®F c — >k 

by setting h c (u,v) := h c (x',v) for some (or any) x' € H° (S 1 , J? / JZ'^c) such that 
cans' = u. Moreover, if h is nondegenerate (resp. t-skew-Hermitian) , then h c is 
nondegenerate (resp. Hermitian) on F c . From Corollary 13.111 we get: 

Corollary 3.18 . Assume k = C and the involution is the conjugation, or k = M or Q 
anc! £/ie involution is the identity. If the invertible matrix Eg o is such that the Hermi- 
tian matrix Eg o + 'Ee o is positive semi- definite, then h c is positive definite on F c . □ 

4. Minimal constructible sheaves on P 1 with Stokes structure at infinity 

In this section, we set X = A 1 U (with respect to the setting of m.bl the 
coordinate on A 1 should be denoted by r). The inclusions are denoted by : A 1 <-} X 
and «oo : <—> X and the projection X — > P 1 by w. 

Let & be a constructible sheaf on A 1 with finite singularity set E. Its extension 
joo,*^ is a sheaf on A whose restriction to X \ E (hence also to S^) is a local system. 

Definition 4.1. By a Stokes structure at infinity (jF, on J? we will mean the data 
of a family of subsheaves ,^^ c (c € C) of joo,*^ such that 

(1) for each c G C, j~ x J^c = ^, 
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(2) the family Jzf. := i^^. of subsheaves of Jz? := i^joo,*^ is a Stokes filtration 
of the local system Jzf as in Q2.&{ 

We also say that (J^, is a Stokes- filtered constructible sheaf on A 1 , meaning that 
the Stokes filtration is at infinity. 

Recall that a sheaf on X can be defined through its restrictions to A 1 and and 
gluing data. In such a way, the inclusion Jr?< c °->- Jr?^ c determines a unique subsheaf 
.jp <c of whose restriction to A 1 is & and that to is Jzf< c . 

We define in this way a category, for which the morphisms are morphisms of sheaves 
A : & — > such that i^joo.*^ is a morphism of Stokes-filtered local systems. As a 
consequence of Proposition ^. 41 this category is abelian. 

Lemma 4.2. Let «^.) be a Stokes-filtered constructible sheaf. Then for each c G C 
the complex I'^^^c has cohomology in degree I at most and Jf? 1 (i'^JP^c) — J^f /Jzf;g c . 
A similar assertion holds for ^ <c . 

Proof. We have Rjoo,*^ = joo,*^ and the distinguished triangle 

reduces to the exact sequence 

— ► JSf^ c — > jSf — > JSf/J2? <c — > 0, 

showing that ^^^[l] has cohomology in degree at most, this cohomology being 
equal to JS?/-§f< c . □ 

In the following, we only consider constructible sheaves & for which the singularity 
set £ is reduced to {t = 0}. We denote by % the inclusion A 1 \{0} A 1 . We say that 
& or (jF, J£.) is minimal (or middle extension) if J? = jo,*]^ 1 ^ (by our assumption, 
Jq 1 ^ is a locally constant sheaf on A 1 \ {0}). 

It should be noted that minimality at r = 0, as considered here, is a priori not 
related to the minimality property of the Stokes filtration at r = oo, as in Definition 
12. 101 and Lemma ITTTT At the level of C[t](9 t ) and C[r] (<9 T )-modules considered in Ql.hl 
the latter is related to the property that M is a minimal extension at its singularities 
at finite distance, while the former is related to the property that is a minimal 
extension at r = 0. 

Lemma 4.3. Given a Stokes-filtered local system (Jzf, Jzf.) on S^, there exists a unique 
(up to unique isomorphism) minimal Stokes-filtered constructible sheaf such 
that(J?,JZ.) = (i^ 1 j 00 ,*&,i^ 1 &.). 

Proof. For the existence, let us denote by it : A 1 \ {0} — > S^ the projection (quotient 
by R* + ). Set J?* = -k~^££ and & = j a *^*- Then i^joc,*^ = % and the inclusion 
j£f. ^ jSf determines a unique subsheaf of joo,*-^ such that i^^. = Jz?. and 

Given two such objects (J^", ^".) and (^',^.'), the identity morphism _Sf = _Sf 
extends in a unique way as an isomorphism J?"* ~ and then as an isomorphism 



24 



C. HERTLING & C. SABBAH 



jo,*^* — 3o,*^'*i proving the uniqueness. The uniqueness of the isomorphism in- 
ducing the identity «5f = Jz? is also clear. □ 

Concerning the compatibility, through the equivalence of Lemma 14.31 of the oper- 
ations considered in <J21 let us notice that compatibility with involution t is straight- 
forward. For the duality, we will check it now. Before doing so, notice that, for each 
c e C, we have a natural morphism joo,!^" — > =^<c which induces, after applying 
and after Lemma W% the surjection Jzf — > Jzf/Jzf;g c . 

Recall that the dualizing complex on X is ioo.lfcA 1 [2]- If Sf is a sheaf on X, we 
denote by B(Sf) = R,3^om(^ , j^^k^]) its Poincare-Verdier dual, and by W(&) = 
R Jtfbm^ , jcc,\k&i) the shifted complex. As in $3.h\ we say that O'(Sf) is a sheaf to 
mean that the complex O'(Sf) has cohomology in degree at most. In such a case, 
we identify W($&) with the sheaf Jfom^^j^k^). 

Note that, on A 1 , if & is a minimal constructible sheaf as above, is a sheaf, 
which is constructible with singularity at at most, and is minimal. We will denote 
it by J? v . 

Proposition 4.4 (Duality) . The category of minimal Stokes- filtered constructible sheaves 
is stable by Poincare-Verdier duality (up to a shift by 2). More precisely, for each 
object 

(1) O'O'ooj J?), D'(J^ C ) and W{& <c ) are sheaves for each c G C, 

(2) the dual D'(^"<j c ) — > W(joo,\^) — joo,*^ v of the natural morphism joo,\-^ — > 
J^ c is infective for each ceC, and similarly for J^< CJ 

(3) the family (#< c ) ce c of subsheaves of joo.*^ v defined by J?<j c = IB)'(J^<_ C ) is 
a Stokes filtration at infinity of , for which J^"< c = D'(«^^_ c ). 

Proof. On A 1 , the first assertion is equivalent to saying that WcF is a sheaf, and 
this has been noticed before the proposition. It is therefore enough to prove that 
^©'(jooj^), etc. are sheaves on S^, because i^ commutes with taking cohomology 
sheaves. 

It is classical that Dj^j^ = Rj^B^, and hence D'joo,!^ = Rjoo.J^'^ = 
j 00 .*^ rv , so i^D'O'ooj^) = i M 1 j 00 ,*^ v is a sheaf. 
For each c € C, we have (cf. pH Prop. 3.1.13]) 

O^'G^Sc) =Rjeom{i^&^ c ,i- 00 j 00t M 

<A "" = RJt>om(i£& <c , k SL [-1]) =: D'(C^c)[-l] 

and by biduality, we have ©'(^^"^[l]) = i^W(&^ c ). Lemmas 13.11 and [4.21 show 
that D'^^cfl]) = D'(jgf/jSf <c ) and D'fc 1 ^) = B'(-^c) are sheaves. The first 
property implies then that i~ 1 D / (^'^ c ) is a sheaf. 

Arguing similarly for J^< c , we obtain that i^ 1 ID'(^< c ) is a sheaf. 

The assertion 14. 4t f2")) needs only be checked on S^, and by duality, according to 
(|4.5[) , it amounts to proving that 1 (*Loioo,!^") — > ^^U^^c) is onto. This follows 
from Lemma l4"T2l and the paragraph after the proof of Lemma |4~51 

Now, lL4lj3]) follows from Lemma EQ □ 
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Let h be a i-sesquilinear form on that is, a pairing ^ ® l^ 1 ^- — > fc A i . It extends 
in a unique way as a nondegenerate t-sesquilinear pairing h : joo,]-^ ® t> joo,*<^ — > 
joojfeA 1 an d defines a morphism joo,\& — > ©'(joo,*^)- Arguing as for (|4.5D . it induces 
a morphism ij^jooj ~ Jz? — > ©'(i^joo,*^") = „2? v , and thus a sesquilinear pairing 
hoc : _Sf ® _£? — >■ fegi . Arguing as in Proposition 14.41 one checks that if h is nonde- 
generate, i.e., & — > D'(j^) is an isomorphism, then so is hoc. Conversely, arguing as 
in Lemma 14.31 one reconstructs h from hoc and obtains the non-degeneracy of h from 
that of hoc. 

Let us now express in terms of (J^, the compatibility of with the Stokes 
filtration. Extend h as a pairing joo,*h : joo,*^ ® t~ l joo,*^ ~~ ^ joc,*kx- This pairing 
induces for each c e C a pairing h c : ,^ <c ® i _1 (^^ c ) — > jao^kx- 

Lemma 4.6. The pairing hoc is compatible with the Stokes filtration if and only 
if, for each c G C, the pairing h c takes values in Jqq 

\kx- When such is the 

case, the induced pairing i| 30 ^" <c [l] ® *^ li_1 (^^c) — > &S 1 is identified with 
hoo, c : (JSf/JSf< c ) ® t _1 CF <C ) -> ^ • 

Proof. We first note that the pairing i^ 1 Jc»,*h : <£> j£? — >• fes^ coincides with hoc 
through the natural isomorphisms i^fjoo,*^ - > *ooioo,!^[l] and similarly for kx- The 
condition on h c is then equivalent to the vanishing of h,^ restricted to J!?< c <g)i _1 (Jz?^ c ) 
for each c, and this is equivalent to the compatibility with the Stokes filtration. The 
second part of the lemma follows from (|4.5p and Lemma |3~T1 □ 

When the condition of the lemma is fulfilled, we say that h is a i-sesquilinear form 
on (jF, JF.). We say that it is nondegenerate if it is nondegenerate on jF. 

Proposition 4. 7 (Sesquilinear pairing on cohomology) . Let h be a nondegenerate i-ses- 
quilinear form on ' , J?.). Let us choose c € C satisfying the assumptions jsj) and jb| 
of £]3.fl so that in particular = J?< c and .^<_ c = B'(,j^ c ). Then the following 
properties hold: 

(1) H k (X,^^ c ) = for k 7^ 1 and, ma i/ie natural restriction morphism, 
H 1 (X,^^ C ) is identified with F c := Imcan C H 1 (Sl (D ,^f^ c ) (cf. Lemma [3.W\) . 

(2) The sesquilinear pairing h c : J?<c®fct _1 (^^e) joo,\k^ induces a sesquilinear 
pairing h c : H l {X,^^ c ) ®k H l {X, ^^ c ) — > k which is identified with h c , defined by 
(|3.17[) . via the identification of ([TJ) . 

In @, we use the canonical isomorphism H 1 (X, J^ c ) — H 1 (X, t _1 (^"<c))- 

Proof of Proposition l4.7lf Tj) . Let us fix some notation. We denote by e : Y —> X the 
real blow-up of the origin in X and we set Sq — e _1 (Q), so that Y — S 1 x [0, oo]. We 
consider the covering Y = U\ U l^, with Uk = Zfc X [0, oo], fc = 1, 2, where are 
as in £12. bl 

We set X* = X \ {0} = F* = Y \ 5q and we denote by j the inclusion X* = 
Y* Y. We also set ^\J C = ^ c \x* and we define jSf* as the pull-back of J*? by the 
projection Y* — !> S^. 
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Set Sf = J?* c and = ji J^. We have = Rj*^ c and =F <C = e*Sf (distinct 
from I?e*Sf if the monodromy of J*f admits 1 as an eigenvalue). Let us denote by 
j± : U± Y the open inclusion, and by Sfi the complex Rjt ti ,(&ixJi)- We similarly 
use the notation Sf 2 and 5fi2- It will be convenient to denote by ££y the pull-back of 
Jz? by the projection Y — > S 1 ^. 

Lemma 4.8. Under Assumptions (jaj) and (jb| of fl3.fl t/ie complex &i is equal to the 
sheaf h,*(&\Ux)- Moreover, H k {Ui^\ Vl ) = H k (Y,^i) = for any k. A similar 
assertion holds for ^2, o,nd for &12 if k ^ 0. Moreover, H k (Y^) — if k =^ 1 and 
H\Y,W) = H°{Ut n U 2 ,9) = H°(Y,& 12 ) ~ L 9o . 

Proof. By assumption, ii is the interval (0 O — e, + s). We need to check that Sfi is 
a sheaf along <92i x [0, 00]. Note that 'S is a local system on Y \ S^, so the assertion 
is clear along dl\ x [0, 00). Now the assertion is local near the points (8 — e, 00) and 
(8' + e, 00), and we can use a local splitting of the Stokes filtration to reduce to the 
case where Sf is a local system in the neighbourhood of [0 o — e, 00), which is already 
treated, or & is the extension by zero of a (constant) local system on an open set like 
(8' — e, 8' + e) x (77, 00), with 77 3> 0, via the inclusion (0' o — e, 8' + e) x (77, 00) 
[0' o — e, 0' o + e) x (77, 00] (by our assumption on 8 a and c, this occurs only at 8' ). 

We are thus reduced to showing, since the local system is constant on this 
neighbourhood, and retracting (0' o — e, & a + e) x (77,00] to {0' o } x (77,00], that 
Hly ((77, 00], C) = 0, which is clear. 

Let us show 

(4.9) H k {U 1 ,<$\ Ul )=Q Vfe. 

According to (|2.7[) . we can choose on U\ an isomorphism J£y\Ui — 0i=i ^c 4 , 
where §fj 4 are local systems on ?7i, and the isomorphism is compatible with the 
Stokes filtration on 1\ x {00}, so we can work independently with each summand Sf C j ■ 
Arguing as for Rji^ Sf ( S\ Ul above, we find that each Rji t *&^ is a sheaf ji,*^cP and 
therefore H k {U l ,^ ) ) = H k {U 1 ,j 1 ^P). 

Arguing as for Sfi, we find that ji,*&cP is a (constant) local system on V\ \ 
([0i,#o + e] x {00}), for some 0j G Ji, and is zero on \8i,8' + e] x {00}. Identifying 
topologically the closure U\ of {/i with a closed disc D, the cohomology of such a 
sheaf is the relative cohomology modulo a closed interval in dD of the constant sheaf 
on D, so identically 0, hence (|4.9[) . The same result holds for U2, of course. 

Let us now compute H k (U\ H 1/2,^)- We identify each connected component of 
U\ n C/2 to a closed disc, and a similar computation shows that H k {U\ n U 2 ,^) = 
for fc ^ and L(C/i n t/ 2 ,^) ~ i So . □ 

Recall that J^ c = e*?f. On the other hand, R x e^S is a sheaf supported at 
the origin on X, whose germ is equal to H 1 (Sq,J£ y \si)- Since R e *^ nas onr y two 
cohomology sheaves, there is a natural triangle 

e*Sf — > Re^ — > R 1 ^-!] -±1> 
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inducing a long exact sequence in hypercohomology over X. Note that the space 
H k (X,R 1 e*&[-l]) = H k - 1 (X,R 1 e*&) is equal to if k ^ 1 and to the germ 
{R 1 e it W) a = H l {Sl,5? Y \ S i) if k = 1. On the other hand, H k {X,e^) = H k {X,e^) 
and H k (X,Re*@) = H k (Y, Moreover, fr om the previous lemma we get 

H 2 (Y,&) = 0. We therefore obtain a long exact sequence 

(4.10) O-^H^X,^) -^H\Y,&) — ►JT 1 ( J SS,J2V0 H 2 {X,^ C ) 



0. 



where the middle map is the restriction morphism to Sq. We have a commutative 
diagram 



I 



H (S'ooj^c) 

where the vertical arrows are the restriction to S^, and the lower horizontal line 
is the right part of the exact sequence in Lemma 13.121 Moreover, the left vertical 
morphism is an isomorphism, according to the computation of Lemma 14.81 As a 
consequence, H 1 (Y, Sf) — > H 1 (Sq,Ji?y) is onto and its kernel H 1 {X, &^ c ) is identified 
with F c = Imcan via the restriction morphism H 1 (X, ^<^ c ) — > fl" 1 (S'^ , ^f<j c ). □ 

Proof of Proposition I4.7l| 2"j) . We use the commutative diagram 

h 



-±H 2 (X,j 0O}l k A i) 



where the vertical morphisms are induced by the restriction or by the natural mor- 



phism Ri c 



— > Id and we can eliminate t 1 in the cohomology. The identification 



of the lower pairing hoo iC to h c of (|3.13[)(*)l follows from Lemma T4. 2 1 To conclude, we 
use (133?)) . □ 



5. Riemann-Hilbert correspondence and sesquilinear pairings 

All along this section, we will only consider holonomic C[r] (<9 T )-modules N (where r 
is the coordinate on the affine line A 1 = A^) with a regular singularity at r = and no 
other singularities at finite distance, and of exponential type at r = oo, meaning that 
the Laplace (or inverse Laplace) transform has only regular singularities (cf. e.g. [311 
Lemma 1.5]). For such a holonomic C[r] (d T ) -module N, we will denote by jV the 
^pi (*oo)-module with connection associated with N. We will use the notation of S}4] 
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5. a. The Riemann-Hilbert correspondence. Denote by s^ x od °° the sheaf on X 
of holomorphic functions on A 1 which have moderate growth along S^. This is 
naturally a subsheaf of joc^&A 1 - It is a -cc7 -1 i^pi(*cx))-submodule and is stable by 
the natural action of vj~ l @pi on joo,*^ 1 - We will also consider the subsheaves 
e CT g/x° doa C jao,*&B (c G C), which satisfy similar properties and coincide with 
on A 1 . Given e w G S*,, the germs satisfy e cr ^g do ° C e c 'W^ do ° as soon as c ^ e c' 
(cf. j j2.ap ])), since e CT — e CT ■ e^ c ~ c ) r and e^ c ~ c ) r has moderate growth as well as all 
its derivatives near 0. 

For each c G C we denote by DR^ c (iV) the complex 

(5.1) (e c Wr d °°) ®<V(*oc) ^ (e c Wr do °) ®*v(*oo) (flji ®^). 

(The complex DR^ (AO is also denoted by DR modoo (iV).) We have a natural identi- 
fication 

(5.2) j- 1 DR <c (iV) = DR an AT. 

If we denote by (f CT the C[r] (<9 T ) -module (C[t],<9 t + c), the termwise multiplication 
by e~ CT induces an isomorphism DR <C (N) DR modoo ( ( ? cr ® AT). 

There is a rapid-decay analogue. Firstly, the subsheaf s/j^ °° C s^x° d °° consists 
of those functions which have rapid decay along S^. Then DR <C (AT) is defined by a 
complex similar to (|5.ip where we replace s^^° Aca with s2/ x Aca (the complex DR<o(AT) 
is also denoted by BR rdoo (N)). We also have e" CT : DR <c (iV) -A- DR rd 00 (<f cr ® AT) . 

Proposition 5.3 . If N as above is a minimal extension at t = 0, the complexes 
DR^ C (A^) and DR <c (iV) have cohomology in degree at most for each c G C, and 
the Riemann-Hilbert correspondence 

N i — ► (Jf° DR an N, DR. (AO) = (JP, J 5 .) 

?s an equivalence between the full subcategory of the category of holonomic C[r](d T )- 
modules whose objects are of exponential type at infinity, are minimal extensions with 
a regular singularity at and have no other singularity, and the category of minimal 
Stokes-filtered constructible sheaves on X (cf. Definition ^.!]) . 
Moreover, under this correspondence, we have 

& <C = J#>°'DR <C (N) VcgC. 
Proof. This is a slight adaptation of the main statement in [5] (cf. also [20L lTl l2T] 1. □ 

5.b. Sesquilinear pairings. Let h : N' <£>c N" — > S"(M} T ) be a sesquilinear pairing 
between holonomic C[r](9 T ) -modules as considered in the beginning of this section. 
Then h induces a morphism of bicomplexes 

h DR ,o : DR^ 00 ' N' ® c DR™ odo ° T ]V" — > Qtf* 00 "™, 

where Sb*^ 00 ' r ' ( -*'*-' is the bicomplex of currents on X with rapid decay along . 
More generally, since for each c G C, the function e CT ~ CT has moderate growth along 
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oo r G P* or C X as well as all its derivatives, h defines a morphism of complexes 

(5.4) h DR>c : BR <C (N') ® c BR^N") — ► Sb^ 

Since the simple complex associated to the double complex Sfa^ °° T ^'''^ is a resolution 
of iooT.iC&i , by taking we deduce for each c a pairing 

(5.5) h D R, c : ^"< c [l] ®&'k-M — > Joo,iC^[2] 

where joojC^i [2] is the dualizing complex on X. All these pairings riB, c coincide, 
when restricted to A 1 and using the identification (|5.2p . with the pairing 

h DR : DR an iV' ® c DR an 77" — > SbjJ'* 5 . 

In particular, if h : N <E)c L+ N — > S fi '{^ T ) is a t-sesquilinear pairing on N, it induces 
a t-sesquilinear pairing hB, c : =^<c ®c 1 G^"<c) - > joo,\C& for each c £ C. 

Lemma 5.6. Let ',&',), be minimal Stokes-filtered constructible sheaves 

corresponding to holonomic C[t]{8 t ) -modules N',N" through the equivalence of 
Provosition 15.31 Then any sesquilinear pairing he between (J?',^.') and 
takes the form Iidr for a unique sesquilinear pairing h between N' and N" . 

Remark 5.7 . The minimality property at is assumed in Proposition 15.31 and Lemma 
15.61 for the sake of simplicity. Without this assumption, the proposition would also 
hold, but one should first correctly define the category of perverse sheaves on X with 
a Stokes filtration at infinity. We will not need such a generalization. 

Proof of Lemma \5M The equivalence of categories of Proposition 15.31 gives a unique 
correspondence between morphisms. We will therefore express the pairings as mor- 
phisms. 

On the one hand, recall (cf. Proposition l4.4[) that (J£"" v , J^." v ) is a minimal Stokes- 
filtered constructible sheaf, as well as its conjugate, so that he can be regarded as 
a morphism from to the conjugate (J^, J ? ." t ) of ( J?" v , J?." v ) . By the 

equivalence of Lemma 14.31 it corresponds in a unique way to a morphism (J§?', _£?.') — > 
(jSf // t,JS?."t). The Stokes data of the latter are obtained by conjugating (|2.8l) v t 

On the other hand, let us set N"^ = Ho m^rrTg ; (N", ^'(A 1 )), that we consider 
as a C[r](i9 T )-module through the C[r}(d T )- module structure of ^'(A 1 ). It is known 
that iV" t is a holonomic C[r] (d T )- module which belongs to the category considered 
in Proposition 15.31 Indeed, this is obtained by sheafifying the construction on P 1 . 
Then, on A 1 , the result follows from |17j . and near oo it follows from [261 §11.3]. 
Now, a sesquilinear pairing h : AT' <g>c N" — > <9"(£^ T ) is regarded as a C[t] (d T )- linear 
morphism N' -> N"^ . 

The lemma reduces then to identifying the Stokes data at infinity of N"> to the 
conjugate of (|2.8I) V I (we will not recall here the classical relationship between Stokes 
data at infinity for a meromorphic connection N considered as matrices of the form 
Id +rapid decay and the Stokes data considered in $2.b\i . We will recall in this simple 
case a sketch of the proof given in [261 §11.3]. We will work locally near infinity, 
with local coordinate z — 1/r, and denote by N the germ of ^pi(*oo) OcM N" at 
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infinity. Setting 6 — C{z} and 3 — ff(d z ), N is a G\z ^-module with connection 
and a holonomic ^-module. We also denote by j)5 modo ° the germ at oo of the sheaf 
£b£i odo ° already considered in S^and we set 3sft = Jifom^, £b mod 00 ). 

It will be convenient to work on X near S^. We denote by g/ modco the germ 
along of ^™ odo ° and by ®b mod °° that of the sheaf on X of distributions having 
moderate growth along S^. If w : X — > P 1 denotes the projection, we set 3\f = 
^modoo x. There exists K o1 of the form K cl = 0- =1 (<?~ c>T <8> ^), where 

each Mi has regular singularity, such that Ji is locally on isomorphic to ]\f el . It is 
proved in loc. cit. that 

• (N el )t is a germ of meromorphic connection at oo, 

. Kt = (K)t : = ^om ro _ 1 ^(tn~ 1 ^,Sb modo °), which is also a RJfom, 

• (N)t is locally isomorphic to (IM el ) ^ and the Stokes data (i.e., gluing data) needed 
to recover (Ny from (]\f cl )'l' are obtained from those corresponding to N in a natural 
way, i.e., are inverse transposed conjugate of these. (The point is to prove that these 
inverse transposed conjugate Stokes data are indeed Stokes data, i.e., are of the form 
Id+rapid decay, while they a priori only have moderate growth.) 

This shows that corresponds, via Proposition 15.31 to (J^',JCJ). □ 

5.c. Compatibility of the sesquilinear pairing with taking cohomology 

Let h : N £§)c t + -/V — > S fi '{^ T ) be a t-sesquilinear pairing on N, where N is as 
occurring in the equivalence of categories in Proposition ^. 31 Let us fix c G C satisfying 
(jaj) and (Ibl of ffiil 

On the one hand, h defines hrjR, c : <^<c i_1 (^^c) — > joo.l^V (because 
J^< c = J^ c ), and then Iidr,c on H 1 (X, J?^ c ), according to Proposition ^. 71 

On the other hand, let us denote by M — F N the inverse Laplace transform of N, 
which by assumption is a regular holonomic C[t](dt) -module with singular set con- 
tained in C. The complex M — > M is identified with the algebraic de Rham complex 
N N, which can be computed analytically as RT(X, DR modoo ( ( f CT ® N)) , and 

we have seen that this complex is isomorphic to RT(X, DR^ C (./V)) via the multipli- 
cation by e CT termwise. For c ^ C, the latter complex has cohomology in degree 1 
at most, so the fibre M/(t — c)M is identified with H 1 (X,^ r ^ c ). Now, the inverse 
Fourier transform F T h is a sesquilinear pairing on the inverse Laplace transform M 
of N. We set h = h = — 2mF T h. Restricting it to A* \ C, it takes values in "^° xC .- 
Restricting it to the fibre at c also induces a sesquilinear pairing on H (X, J^ c ), that 
we denote by huR, c — hDR,c- We will give a detailed proof of the following lemma in 
the appendix. 

Lemma 5.8 . We have Pidr.c = hDR, c - 

5.d. The main theorem. Let ((G c ,i, G Cj 2)cec, S, S') be Stokes data of type (C, O ) 
as in Definition 12.61 Let us fix bases of G c £, c € C and £=1,2 and let us denote by 
E, E' the matrices of S, S' in these bases. The choice of bases also fixes a sesquilinear 
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form h-^ whose matrix in these bases is the identity. According to the Riemann- 
Hilbert correspondence, these data define a meromorphic bundle (J$?(*0), V) on A 1 ^ 3,11 
with connection having a pole at z = only. The connection is of exponential type. 
We denote by (Jf ,V) the Deligne-Malgrange lattice DM >0 (Jf (*0), V). 

If E' = — *E, the local system attached to (Jf (*0), V) is equipped with a t-skew- 
Hermitian pairing he, and we can apply the "twistor gluing procedure" of [9j Lemma 
2.14] and [29, Def. 1.25] (cf. £|l.ep by using the t-Hermitian pairing — 2irihB- 

Theorem 5.9. Let ((G Ci i, G c ^)cgc, S, S') be Stokes data of type (C,9 ). Assume that 
there exist bases of G Ct i, c £ C and I = 1,2 such that the matrices E, E' of S,S' 
satisfy 

(|5.9p M E' = — *E and E + *E is positive semi- definite, 

(|5.9l) (*=tQ Vc G C, either K c = or 2?:ihji r is positive definite on K c . 

(cf. Remark 13.91 /or ^k c -) Then, the twistor structure on P 1 obtained from 
(J4?,V , — 27rihB), (where is the Deligne-Malgrange lattice defined by H) 

by the "twistor gluing procedure " is pure of weight and polarized. 

Proof. Condition (|5.9|l(**)l implies that h#- c is nondegenerate for each c £ C. Then, 
as we already noticed at the end of Remark 13.91 the Stokes data enriched with the 
sesquilinear form split as a direct sum of minimal Stokes data and trivial Stokes 
data on each K c (both enriched with sesquilinear forms). The proof splits correspond- 
ingly. The non-trivial part concerns the case of minimal Stokes data (all K c equal to 
zero), that we consider now. 

In accordance with the previous part of the article, we will work with the variable 
r = 1/z, so we now denote by (Ji?(*oo), V) the meromorphic bundle defined above on 
P:|- \ {0}. Let us denote by N(*0) the Deligne meromorphic extension (with a regular 
singularity) at r = of Jtf(*oo), by N its minimal extension at r = and by N the 
global sections of N on P 1 . 

As indicated in Lemma |4~51 the pairing he.oo on (jSf, Jzf.) determined by the Stokes 
data and the properties of E, E' (cf. j)3.eD gives rise in a unique way to a i-sesquilinear 
form he on , .jp.) which restricts (in the sense of Proposition WM to he.oo on S^, 
and, according to Lemma l5.6l to a unique t-sesquilinear pairing h on N. Let us choose 
c £ C which satisfies both properties (jgj) and (JbJ) of £ )3.fl with respect to & ((jgj) means 
that c £" C). Then, after our assumption on E, E' and according to Corollary 13.181 and 
Proposition 14.71 hoR, c is positive definite. Hence, hoR.c is so, according to Lemma 
15.81 We conclude by applying Corollarv ll.5[ since F h = — 27rzh. 

Let us now consider the easy case with enriched Stokes data (K Co , S(K Co ), S, S, hx c ), 
which are isomorphic to enriched Stokes data (K Co , K Co , Id, Id, hx a ), where hx a is a 
nondegenerate skew-Hermitian form on K Co . We will first adapt Proposition l5.3l and 
Lemma l5.6l in this case. 
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Let us set N = (K Co ® C[r],d— c ldd,T) and consider some Hermitian form Kk c 
on K Co . Then wc define the i-Hermitian form h on N by the formula 

Ku Co ®f{r),v Co ®g(r)) = h Kao (u Co , tJ Co )/(T)^P7)e^ c ° T . 

The complex DR an N has cohomology in degree only and DR an N C ^ A i,.. ®N = 
K Co <£) ^ A i,m is identified with the constant sheaf K Co ® C • e c ° T and, with this identi- 
fication, 

hDR.(w Co ® e c ° T ,u Co ®e- c ° T ) = h Kao (u Co ,v Co ). 

Setting G = (K Ca ® C[t, r _1 ], d — c dr) = (iT Co ® C[z, d + c dz/z 2 ), we have 
DM°G = if Co ® C[z] and DM >0 G = if Co ® (2C[z]). It is easy to check (cf. [29l 
Example 1.33(1)]) that, if is positive definite on K Co , then (DM G, V, hoR.) 

defines, by twistor gluing, an integrable twistor structure which is pure of weight 
and polarized. It easily follows that (DM >0 G, V, — hoR) defines, by twistor gluing, 
an integrable twistor structure which is pure of weight and polarized. Below, we 
will not distinguish between hoR and hx a ■ 

In conclusion, starting with the skew-Hermitian form hj( c on K Co , if the Hermitian 
form h,K eo ■— 27rih/f Co is positive definite, then (DM >0 G, V, — 2irihK Co ) defines, by 
twistor gluing, an integrable twistor structure which is pure of weight and polarized. 

□ 

Remarks 5.10. 

(1) This statement was conjectured (and proved in a particular case) in [111 
Conj. 10.2] and was the main motivation for proving Theorem l5.9l As in the particular 
case treated in [111 Lemma. 10.1], the main idea is to apply the results of |29) . 

(2) If S is real, the integrable twistor structure that we get is a TERP structure in 
the sense of [9]. If E is rational, we get a non-commutative Hodge structure, in the 
sense of |19j . 

(3) The simplest example of a complex variation of polarized Hodge structure on 
A 1 \ G is that of a holomorphic vector bundle V with a flat Hermitian metric (the 
weight is zero and the Hodge type is (0, 0)). Recall more generally that variations of 
polarized Hodge structures on A 1 \ G correspond exactly to variations of polarized 
pure integrable twistor structures which are tame (i.e., have regular singularities) at 
the singularities G U {oo}, after [14, Th. 6.2]. 

Similarly, Theorem l5 .91 gives the simplest example of an integrable twistor structure 
whose associated variation by rescaling z (cf. 11, §4] and [29, § 2 . d] ) is wild at r = oo. 
It is obtained by Fourier-Laplace transformation from the previous one. 

(4) One can conjecture a kind of converse of Theorem 15.91 in the following 
way. Given a block upper triangular matrix E such that the diagonal blocks Eji 
(i = 1, ...,ri) are invertible, then E + *E is positive semi-definite if, for all pairs 
(C,8 ) consisting of a subset G C C with #G = n and O £ M./2irZ generic with 
respect to G (cf. £12. bl) . the corresponding twistor structure considered in Theorem 
15.91 is pure and polarized. 
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Appendix: Proof of Lemma 15.81 

We will give a detailed proof of this lemma. A proof of a similar result had only 
been sketched for [291 Prop. 1.18]. We will keep the setting of 

A. a. Integral formula for the Fourier transform of a sesquilinear pairing 
between i^- modules. We start by expressing h (as defined in Corollarv ll.5t [5))) by 
an integral formula. 

Let us first recall that the inverse Laplace transform M of N can be obtained as the 
algebraic direct image q + (p + N <8>c[t,r] E tT ), where p (resp. q) denotes the projection 
from A^xAj to A^ (resp. A^) and E tT — (C[t, t], d+rdt+tdr). Moreover, this formula 
can be sheafified and made analytic, giving Ji( = q+{p + JY <E> S" tT ), where jV is as in 
the beginning of Section [SJ and p,q now denote the projections V\ x V\ — > P* or Pj 
in the analytic category (cf. [6l Appendix A] for details) . Since we are only interested 
in the behaviour on A x t \ C, we will set Y — A* \ C and denote by p : P* x Y — > P* 
the projection, and similarly for q. Then ^# is a SV-module. By assumption on C, 
it is /^-locally free. More precisely, if jV has the connection V, p + JV ® S tT is 
p* JV := ff v i- K Y®p~ 1 e r i P~ l ^V equipped with the connection p*V + rdt + tdr, and ^# 
is the first cohomology of the relative de Rham complex 

(A.l) q*p*,yV V + tdT > q*{p*Jf <g> fipi x y/y) 

equipped with the connection induced by dy +rdt, where dy is the differential relative 
to Y. Notice that p* jV and p* jV ® f2j x xY / Y are g*-acyclic (cf. loc. cit.). Moreover 
this complex has cohomology in degree one at most. 

For the sake of simplicity, we will denote the volume form ^rfrAiff (on A*.) by 
dvol r , its ^-analogue (on Y) by dvol t . 

We will use the following lemma: 

Lemma A.2 . Let (p be C°° on x Y , with compact support. Then the function r i— > 
J Y e tT ~ tT ip dvolj is C°° onP^ T , with rapid decay at infinity as well as all its derivatives. 

Proof. By assumption, ip induces a C°° function on A^ x Y such that \t\ m d^d^dtdjtp 
is bounded for all a, /3, 7, 8, m ^ (since, in the coordinate r' = 1/r, we have d T ip = 
—T l2 d T '(p and similarly for cV). 

Let us still denote by F t (f the integral we consider (with some abuse, since ip 
depends on r). That F t (f is C°° on A*, is clear. It is a matter of showing that each 
expression ||r a T h (9£c^-F t (</?)|| Loo is bounded. We have 

T a T b d C T c4F t (p) = F t ({-d t ) a bt{t + d T f{-t + dr) d v) ■ 

Since ip :— (—dt) a dj(t + d T ) c (—t + dr) d( p satisfies the same properties as <p does, as 
indicated above, it is enough to get a bound for F t ijj for such a ip. Since \e tT ~ tT \ = 1, 
we have, for m such that (1 + |i| 2m ) _1 is L 1 on A*, 

IMi- < IK 1 + i < i 2m ) _1 ll L i IK 1 + l*l 2m )^ILoo < +00. □ 
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Let us still denote by h the sheafified sesquilinear pairing jV ®c l + ,JV —> "Db™° doCT 
(where jV is as in the beginning of Section [SJ . We will define a sesquilinear pairing 

h' : [p + JT ® S tT ) ® L+p+yf ® — > Dbpi x y . 



We will identify u + p + jV ® $ tT with (p+t+^/K) (£)£'~ tT , where t denotes the involu- 
tion r H> — t either before or after p + . Let n (resp. n') be a local section of p + ,yV 
(resp. p + i + o/f). We can write n = 53i < ?- , i n i> n ' = Ylj' , Pj n j (finite sums) where 
(resp. rij-) are local sections of ,jV (resp. l + ^V) and cfo, are local sections of <?pi x y. 

Let <p be a C°° form with compact support of maximal degree (namely, degree 4) 
on an open subset of x Y where n, n' are defined. By Lemma IA.21 the 2-form 
t i — y Jy e tT ~ tT fiiipjip has rapid decay at oo r for every i, j, so we can set 

(A.3) (h'(n,?0>¥>> =£(h(ni,?i£), ( / e^Mtf)), 

and one checks that this does not depend on the chosen decomposition of n,n', so 
that h'(n, n') is a section of Dbpi x y. 

Integration of currents along P* composed with h' induces a sesquilinear pairing 



q*(p*,yy ® nji xy/ y) ® g*t*(p*^ ® nji xy/y ) — >■ s>b y 

which becomes a sesquilinear pairing (noticing that i* disappears after g* and using 



the twisted differentials as in (|A.ip ) 

(A.4) q+W:Jt®^ — >m Y . 

(That g+h' is well-defined and sesquilinear is checked in a standard way.) 

Lemma A.5. We have h = g+h'. 

Proof. Since ^# is generated by M (inverse Laplace transform of TV), and since M = N 
as C-vector spaces, it is enough to check the equality for the values at n,n' e TV, 
according to sesquilinearity. Let n,n' £ N and let r/ be a C°° 2-form on Y with 
compact support. By definition, 

(h(n,n'),rf) = (-2mF T h(n,ri?),r)) = (h(n, n'), (F t rf)dr A df) 

where F t r\ = J Y e tT ~ tT r\. On the other hand, if we set N[t] = C[t] <E)c N, according to 
the identification M = N[t]- dr/(p*V + tdr)N[t], we have 

(g + h'(n,n / ),r ? ) = (h'(ndT,n 7 3r), q*rf) = (h{n,ff), ( J e tT -%)dr A dr}, 

hence the assertion. □ 

A.b. Lifting toPjxY and restriction to t = c. Let : P* x Y — > P* x Y be 

the oriented real blow up of oo r x Y, and let j2^ od °° T , °° T be the corresponding 

sheaf of holomorphic functions which have moderate growth (resp. rapid decay) along 
Si xY. 
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We will lift the sesquilinear pairing h' as a sesquilinear pairing 



h' 



ixY 



/mod oo-T- 
PixY 



IxY ' 



In order to do so, we use a formula analogous to (IA.3I) . where now each <j>i is a local 



section of^f 00 - 
Pixy 



each is a local section of ,2^™ 



mod oc T 



and ip has moderate growth 



along x Y". Since each term <fiiipj(p has rapid decay along x y, the formula 
(|A.3[) remains meaningful. 



We will denote by £>b~, 

pi 



xy/y 



the subsheaf of Sb^°° T 

PI x7 



consisting of distributions 



which are C°° with respect to t G Y. For such a distribution, the evaluation at 
t = c G y is well defined as a distribution on with rapid decay at r = 00. 

Recall (cf. after the proof of Lemma IA.2[) that the sesquilinear pairing h : N ®c 
t + JV — > y'(A} T ) can be sheafified and lifted as above as a sesquilinear pairing 



rd oo T 



— 



/mod 00 T 



rd oo T 



Proposition A.6 . The sesquilinear pairing W takes values in ®&fi C x y v 
c G y, its evaluation at t = c is equal to h c . 



and, for each 



Proof. The second part of the statement is clear once we have shown the first part, 
that we consider now. Notice first that it is a local statement. 

Firstly, on A^ T xY the statement is clear, since e tr ~* r h', when expressed on sections 
n of JV and n' of L + J\f, takes values in distributions annihilated by dt and dt- 

We will thus consider the statement locally near S 1 , x Y and we will show that, 
locally near (e ie °,c) G S^ yOT x Y, h' takes values in C°° functions which are infinitely 
flat along S 1 , x Y, by analyzing the differential equations satisfied by h'(n,n'). By 
using the Hukuhara-Turrittin theorem for jV at r = 00 (cf. e.g. |21l Appendix]), we 
are reduced to evaluating h' on sections n, n' which are solutions of 

(r<9 T + CiT + a) m n = 0, {rd T + cjt + a') m n' = 0, a, Cj G C, a, a' G C, m > 0. 

When restricted to r 7^ oo r , h(n,n') := bo(n,W) is a C°° function and the function 
h((e c ' T T a n, {e^ T T a 'n')) is annihilated by (rd T ) m and (rd T ) m . 

Similarly, e* ? - tT h / ((e CiT r Q n, (e c ^T«V)) is annihilated by (r<9 r ) m , (rd T ) m , 9 t 
and 9t. Therefore, this function does not depend on t and has moderate growth in 
some neighbourhood of (e l6 ° , c) . 

If Re((c — Ci)e l6 ° — (c— Cj)e %0 °) < 0, then in some neighbourhood of (e ie °,c) we 
have Re((f — Cj)r — (t — Cj)r) < 0, and h'(n, n') is a C°° function with rapid decay 
along SI Ct x y on this neighbourhood, as wanted. 

Otherwise, there is an open set of x Y containing (e l9 °,c) in its closure, on 
which Re((t — Cj)r — (t — Cj)r) > 0, hence on which the function W(n,n') cannot be 
extended as a distribution (and even a moderate distribution) , unless it is identically 
zero. In such a case, the desired statement trivially holds. □ 
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A.c. The de Rham complexes. In the neighbourhood of oo r x Y, p + jV ®S tT is a 

meromorphic bundle with connection. Since t varies in Y = A* \ C, this meromorphic 
bundle with connection is good, in the sense of [221 §3.2]. It follows, by an extension of 
the result in dimension one, proved in [211 Appendix 1] for instance, that the moderate 
and rapid decay de Rham complexes DR rd °° T {p+,yV®g tT ) and DR mod °° T (p + ,yV®S tT ) 
have cohomology in degree zero at most in the neighbourhood of oo T x Y. On the 
other hand, on A^ x Y, p + ,jY <g) S tT is isomorphic to p + ' JV , and since DR an jV has 
cohomology in degree at most (because JV is assumed to be a minimal extension 
at t = 0), so does DR a >+ l #. Therefore, both complexes DR rd °° T (p+jK ® S tT ) and 
DR mod °° T {p + JV ® (a tT ) have cohomology in degree zero at most. 

Recall also (cf. Proposition 15 -3[) that, for each c EY, the complexes DR <C N and 
DR^ C N have cohomology in degree at most. 

Proposition A.7 . For each c €Y, there are functorial morphisms 

iJ 1 je B0 (DR ldoOr (p + ^'(8^ tT )) — -> Jf°(T)R <c N) 
and z- 1 Jf ,0 (DR modoOT (p+^ / (g)^ T )) — -> jT°(DR <c iV) 

which are isomorphisms, where i c : x {c} hPJx7 denotes the inclusion. 

Proof. We will show the proposition in the moderate case, the rapid decay case being 
similar. Let us denote by DR™ d °° T the relative de Rham complex (with differential 
forms relative to the projection P* x Y — > Y only). Evaluating the coefficients at t = c 
induces a natural morphism of complexes i^ 1 r>R™° do ° T (p + jV ® g tT ) -> DR^ C N, 
since the evaluation at t = c of a section of e*W~ modo ° T belongs to e c W~" odo ° T . 

We have a natural action of d t on ij 1 DR™° d °° T (p+«/f ® <?* T ) , and the kernel of d t 
on its Jf° is equal to i" 1 DR moclo ° T {p+jV ® S tT ), hence we obtain the desired 
morphism to J^ a (DR^ C N). To show that this morphism is an isomorphism is now a 
local question on P' x 7. 

On A^ x Y, the result is clear since p + JV®S tT ~ p + JV. Near (e' e °, c) g S^ t x Y, 
we can reduce, by functoriality, that JV = jV a ® <o' _Cir , with Cj € C and <v^j = 
(*oo T ), d + adr/r). One is reduced to showing that e^~ Ci ^ T has moderate growth 
along x Y near (e l6, °,c) if and only if e ( c_c ^ r has moderate growth along 
near e °. This is clear, and also equivalent to the fact that both functions have rapid 
decay, since c ^ Cj. □ 

From h' we derive h DR , which is a pairing of double complexes 



h DR : DR rdo ° T (/^ ® <? tr ) ® DR modo ° T i+(p+^ ® ^) — -> £b~ d 00t ' ( " ) . 

p x x y/ y 

The de Rham complex of currents which are C°° with respect to Y" and have rapid 
decay along x Y, which is the simple complex associate to the Dolbeault complex 

®^ixY/Y^' iS a reS ° lution of JoojC A i TX y. 

By Proposition I A. 7l applying the evaluation at t = c to h DR defines a pairing h DR c 
which is nothing but the pairing hnR, c considered in (|5.4I) . 
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A.d. End of the proof of Lemma l5.8l From Lemma fA.5l we deduce that Iidr.c = 
(g + h')DR, c - Denoting by q the projection x Y — > Y, we also obtain 

hDR,c = (9+h')DR,c> 

where q+ denotes the integration of currents along the fibres of q. Integration of 
currents of any degree is compatible with the differentials, therefore (q + h')DR, c = 
(<7+Iiq R ) c . On the other hand, evaluation at t = c is compatible with the integration 
of currents which are C°° with respect to y, so we finally get 

hDR, c = (<7+hrjR, c )- 

On the other hand, we have seen above that h^ R c is identified with Iidr.c, and its 
integration q + W DV{ c is nothing but the pairing induced on the cohomology, that is, 

hDR,c- □ 
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